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1 Introduction

Assume that we are dealing with independent observations from &k independent samples in IRP with
location parameter p; and scatter matrix 3;. It is usual in multivariate analysis to treat the scatter
matrices 31, ..., 2 as unrelated if an overall test of equality tell us that they are not identical. As
mentioned in Flury (1988) “In contrast to the univariate situation, inequality is not just inequality - there
are indeed many ways in which covariance matrices can differ”. To avoid this problem he considered the
following general relations among scatter matrices

e Level 1. All scatter matrices 3; are equal.
e Level 2. The matrices are proportional to each other, i.e., 33; = p; 3, for 2 < i < k.
e Level 3. The matrices satisfy a CPC model, i.e., X; = BA;B8T,1<i<k.

e Level 4. ¥, are arbitrary scatter matrices.

The number of parameters for each level is p(p + 1)/2, k—1+p(p + 1)/2, kp+p(p — 1)/2 and kp(p + 1) /2,
respectively. Therefore, the difference between the number of parameters in level 1 and 4 is (k—1)p(p+1)/2
which is, generally, bad in practice, specially when we are dealing with a large number of populations.
This question suggested the decomposition of the log-likelihood ratio statistics for equality of covariance
matrices, according to his hierarchy, described in Flury (1988).

It is well known that likelihood ratio test are in most situations, affected by anomalous observations.
A robust statistic to test equality against proportionality was studied by Boente and Orellana (2004).
On the other hand, an approximate test, based on eigenprojections, for testing the hypothesis that
the subspaces spanned by the first ¢ principal components of several different covariances matrices are
identical, was derived by Schott (1991) who also considered a plug—in version of his test by using the
M —estimator proposed by Tyler (1987).

In this paper, we go further and we will deal with the hypothesis involving level 2 versus level 3 and
level 3 versus the hierarchically lower model given in level 4. An approach based on estimators of the
eigenvalues under a CPC model is considered to test the first hypothesis, while the second one is tested
using a robustified version of the log—likelihood statistic. We also define a robust plug—in log-likelihood
statistic to test proportionality against CPC.

This paper is organized as follows. In Section 2, we introduce the criterion for testing CPC against
arbitrary scatter matrices and we derive its asymptotic behavior under the null hypothesis. In Section
3, we consider the test statistics for proportionality versus cPC while in Section 4 the partial influence
functions of all test statistics is derived. Finally, the conclusions of a simulation study are given in Section
5 and a real example is studied in Section 6. Proofs are given in the Appendix.

2 Testing CPC against arbitrary scatter matrices

Let us assume that (x;;), j<nii<i<k are independent observations from k independent samples in IR

k
N
with location parameter p; and scatter matrix 3;. Let N = Z ng, T, = NZ and X; = (X1, -, Xin, )-
i=1



A basic common structure, described as level 3 in the Introduction, assumes that the k& covariance
matrices have different eigenvalues but identical eigenvectors, i.e.,

% =BA8Y, 1<i<k, (1)

where A; are diagonal matrices, 3 is the orthogonal matrix of the common eigenvectors and 3; is the
covariance matrix of the i—th population. Model (1) was proposed in Flury (1984) and became known
as the Common Principal Components (CPC) model. The maximum likelihood estimators of 3 and A,
assuming multivariate normality of the original variables, are derived in Flury (1984).

The hierarchy of test statisitcs discussed in Flury (1988) includes to test level 3 against level 4, i.e,
Hepe: B =BABT , for 1<i<k

versus
Hy: X, are arbitrary positive definite scatter matrices, 1<:¢<k.

The classical log-likelihood test statistic to test this hypothesis is given by

o~

k det (Ai,ML)

Tvrcpc = Y _nilog | ———2~1 |
-1 det (Sz)

where ./AXZ-7ML is the diagonal matrix of the eigenvalues estimated under Hcopc and S; is the sample
covariance matrix.

The idea beyond this statistic is that, under Hcpc, it should be expected that BEILSiBML will
be aproximately a diagonal matrix where ,@ML are the maximum likelihood estimators of the common
directions. This idea can be used to robustify the test statistic by plugging—in independent robust affine
equivariant scatter estimates, V;, into the log—likelihood ratio. Hence, the robust statistic can be defined

as
k det <diag <,BTVZ,B>)

Tcpe = Y nilog GO

i=1 det <B Vzﬁ)

k det (KZ)
= ;nl log W ,

~ ~ AT ~
where now 8 and A; = diag <B VZ-B) are, respectively, the plug—in estimators of the common directions
and of the eigenvalue matrices A; related to the scatter estimates V.

A standard framework to derive the asymptotic behavior in robust principal component analysis is to
assume that the estimators of the scatter matrix are asymptotically normally distributed and spherically
invariant. For that reason, and since the samples of the k£ populations are independent, we will assume,
throughout this paper, that for 1 < ¢ < k, the estimators, V;, of the scatter matrix 3; are independent
and satisfy the following assumption

Al. /n; (V; - %)) 2, Z; where Z; has a multivariate normal distribution with zero mean and covari-
ance matrix =; such that

2 =01 (14 Kpp) (8 © ;) + 09 vec (5;) vee ()T, (2)

with K, the p? x p? block matrix with the (I,m)—block equal to a p x p matrix with a 1 at entry
(I,m) and 0 everywhere else.



where, from now on, when dealing with random matrices Z,, 2, 7 means that vec (Zy,) L. vee (Z).

Remark 1. It is well known that, for elliptically distributed observations, MCD, M, S and 7—estimators
are asymptotically normally distributed and spherically invariant. If the k populations have ellipsoidal
distributions that only differ on their scatter matrix and if the same robust scatter estimate is considered
for each population, these estimators will satisfy A1l (see, Tyler, 1982). Explicit forms for the constants
o1 and o9 are given in Tyler (1982), for M—estimators, and in Lopuhad (1991), for S and 7—estimators.

Implicitely, we are thus assuming that all the scatter estimates are related to the same functional
V and that all the populations have the same elliptical distribution except for changes in the scatter
matrices so that A1 will hold.

Theorem 1. Let xj1,...,Xin,, 1 < @ < k, be independent observations from k independent samples
with location parameter p, and scatter matrix 3;. Assume that Hcopc holds, ie., 3; = BA,B8T =
Bdiag()\il,...,)\ip),@T and that A\j; > ... > A\ip, n; = ;N with 0 < 7; < 1 fixed numbers such that

k
ZTZ' =1.
i=1

Let V; be robust affine equivariant estimates of the scatter matrices 3;, satisfying A1. Let us consider
the plug—in estimates of the common axes and their size given by

A = diag(B'ViB) (3)
B:L lz mMVzl B, = 0 for m # j (4)
o1 AimAij
~T ~

D
Then, we have that Tcpo — alx%k,l)p(p,l) .
2

It is woth noticing that, under normality, the asymptotic distribution of the test statistic is that of
the classical log-likelihood test, except for a multiplicative constant which is related to the efficiencies of
the off-diagonal elements of the scatter estimates considered.

3 Testing proportionality against CPC

The proportionality model is more restrictive that the CPC model and assumes that the scatter matrices
are equal up to a proportionality constant, i.e.,

Zi:pizl,fOI"ZSiSk. (6)
In this section, we will provide two statistics for testing level 2 versus level 3, i.e.,

Hprop : 3; = pi2, for 2<i¢ <k  versus Hepe: S =BABY, 1<i<k.

\is

)\—”, and ¢; = (¢, . .. ,c,-p)T, then under Hprop ¢;j = c1j, for all 7 and j. On the other hand, if
i1

Hcpe holdzs, cij = ¢y for all i and j entail that Hprop is true. The first test statistic will be based on

robust estimators of the eigenvalues of the matrices 3; assuming that the cPC model holds.

Let Cij =



Let jA\Z be the plug—in estimators of the eigenvalues matrix A; related to robust scatter estimators V,
defined in (3).

In this case, it is well known (see Boente and Orellana, 2001 and Boente, Pires and Rodrigues, 2002)
that the estimators of the eigenvalues are asymptotically normally distributed and their asymptotic
variances and covariances denoted ASVAR and ASCOV, respectively, are

ASCOV (ng, Xim) = Ofor 0 #i
~ 1 )
asvar (Aj) = =201+ o)A, 1<j<p (7)
T
~ =~ 1
ASCOV (/\ija /\zm) = _U2>\ij>\im for m 75 ] .
T
A natural estimate of ¢;; is ¢;; = 3\_2] The statistic to test Hprop versus Hcpc based on ¢;; is a
il

Wald—type statistic and is defined by

Wprop = N vec (f))T f%lvec (f))

where
D = (€& —¢,...,¢ —¢)
- N U R P 1 4
5 = Bi®¢—11" } +diag | —Bo,...,—By
T1 T2 Tk
B, = 20, (EZEZT + diag (EZ%, . ,EZ?))) .

The following Theorem gives its asymptotic distribution under the null hypothesis.

Theorem 2. Let X;1,...,X;n,, 1 <1 <k, be independent observations from k independent samples with
location parameter p; and scatter matrix 3; = BA,3T = Bdiag(Ai1, - . .,)\ip),BT. Assume that Hprop

holds, that the eigenvalues of the first population satify Ay > ... > A, and that n;, = ;N with0 < 7; <1
k

fixed numbers such that Zn =1.

i=1
Let V; be robust affine equivariant estimates of the scatter matrices 3J;, satisfying A1l. Let us consider
the plug—in estimates of the common axes and their size defined through (3) to (5). Then, we have that

D
WPROP = X{ie-1)(p-1)"

Another possibility to test Hprop against Hopc is to use a robust plug—in version of the log-likelihood
statistic, i.e.,
det (ﬁidiag (Xl, . ,Xp))
~T. ~
det <diag (,8 VZ-,B>)
where V; are independent robust affine equivariant scatter estimates, B are the plug—in estimators of
the common directions related to the scatter estimates V;, p; and A; are the plug-in estimators of the

k
Z n; log
i=1



proportionality constants and of the eigenvalues of the first population related to V;, as defined in Boente
and Orellana (2004) and also studied in Boente, Critchley and Orellana (2004). However, the asymptotic
distribution of this statistic cannot be easily derived. Instead, the eigenvalues of the first population
and the proportionality constants should be estimated related to the prior estimation of the common
direction. Thus, we will consider the statistic defined through

k det ( p;diag Xl,...,X
Tprop = »_nilog ( . A( —~ )) )
i=1 det (dlag (Aila .. /\ ))
where X,-j = B]TV,B] are defined in (3) and p; and Xj solve the following equations
1. N
p p; 3, (8)
~ 1 k g~ .
A= ngT)\ij 1<j<p. (9)
Theorem 3. Let X;1,...,X;n,, 1 <1 <k, be independent observations from k independent samples with

location parameter p; and scatter matrix ¥; = BA,;8T = Bdiag(Ai1, - . .,)\,-p),BT. Assume that Hprop

holds, that the eigenvalues of the first population satify Ay > ... > A, and that n; = ;N with0 < 7; <1
k

fixed numbers such that ZT,- = 1. Let V; be robust affine equivariant estimates of the scatter matrices

i=1
3%;, satisfying A1. Let us consider the plug—in estimates of the common axes and their size defined by
(3) to (5) and the related estimates of the proportionality constants and their size solution of (8) and (9).

D
Then, we have that Tprop — 01X?k_1)(p_1)-

4 Partial Influence Functions

Denote by F' the product measure, F' = F} x ... x Fj. Partial influence functions of a functional T'(F),
introduced in Pires and Branco (2002), are then defined as
T(Fex.i,) —T(F
PIF;, (x,T, F) = lim Feox.ip) = T(F) :

e—0 €

where FE,X,iO =F; x...X Fio—l X Eo,e,x X Fi0+1 X ... X F} and Fi,e,x = (1 — E)FZ + €dx.

In this Section, we will derive the partial influence functions of the functionals related to the test
statistics defined in the previous Sections.

Let V;(G) be a Fisher—consistent scatter functional such that V;(F;) = 3;. Denote by A; (V(F')) the
eigenvalues of V,(F) and by By (F) and Ay ; the plug-in functionals related to the scatter functionals
V(F)=(Vi(F1),...,Vi(Fy)), i.e., the solution of

diag { By (F)"Vi(F)By(F)} = Ava(F) (10)

b A im(F) = Avij(F) B .
Bv’m(F)T {;TZ )\V,im(F)/\V,ij(]F) VZ(FZ)} By F) =0 form # 7 (1)
Bv,m(F)Tﬁv,j(F) = Omj - (12)

6



The test functional related to the statistic used to test Hopg versus Hj is given by
k p
Ty.cpc(F) =Y 1Y log (Av,e(F)) —log (A; (Ve(Fy))) ,
=1 j=1
while those related to Tprop and Wpgrop are respectively defined through

p
Tvpror(F) = Y 7Y log(pv(F)Av,;(F)) —log (Av,e(F)) ,
= 7j=1

Wy prop(F) = vec(D(F))" Sp! (F)vec (D(F))

[y

where Ay ;; is defined through (10) to (12) and

pvi(F) =

Av,i(F) = zk:Tii/\V’ij(F) 1<j<p

D(F) = (co(F)—ci(F),...,cx(F) —c1(F)) = (Da2(F),...,Dg(F))
11T} + diag (T—ZBQ(F), o T—lkBk(F))
Bi(F) = 201 (ciF)ei(F)" +diag (¢3(F),...,ca(F)))

ci(F) = (cio(F),...,cip(F)T .

It is easy to see that, since V;(F;) = X;, under Hcpc, PIF;(x, Ty cpc, F)) = 0 while under Hprop,
PIF;(x, Ty prop, F) = 0 and PIF;(x, Wy prop, F) are also equal to 0. So, as in Hampel et al. (1986), we

consider as test statistics Sv cpc(F') = TV,CPC(F)%, Sv,prop(F) = TV’PROP(F)% and Ry prop(F) =
WV7PROP(F)%. As for the linear model, using that Ty, cpc(F) = 0, it is easy to see that

1
2
:0)

The following Theorem gives the values of the partial influence functions of the test statistic Sv cpc(F).

1 92
PIF;(x, Sv.cpc, F) = (28 sTv.cro(Fe x,i)

and similarly for Sv prop(F') and Ry prop (F).

Theorem 4. Let V;(F') be a scatter functional such that V;(F;) = 3;. Denote by By, ..., By, A1, -+, Xip
the common eigenvectors and the eigenvalues of 33;, i.e., assume that Hepe: 3, =BA8T , for1<i<k
holds. Assume that the influence function IF (x,V;, F}) and V (Fi e x)‘ 0 exist and that \i1 > ... >
Aip- Then, the partial influence functions of Sy cpc are g1ven by

k
PIF;(x, Sv,cpc, F 22 > A7 [ BTIF (x,V; F):Bm}2 (/\U)@ )\2Zm Z Zm - /\Za
j=1m#j 1771m /=1



P 2 1
7). Y |BIIF(x, Vi, ) By N2 i Nis — i) 127 (im = Xi)” = AigAim | (13)
=1 mj ij Mim j im
2
j=1m>j

k 2
(Aem — Agj) }
where A,,; = Tp—————
’ {z; AmAcj

Remark 2. In the particular case of a proportional model, i.e., if A; = p;A; and we denote A\; = A\ we

have that »
(1l —7 2
PIF, (x, Sv.cro. )2 = U S~ S~ [8T1F (x, Vi, F) 8,
P Sim>g

1
Ajdm
Note that the partial influence functions of the test statistic are unbounded if the scatter matrices have
unbounded influence functions. The behaviour of the partial influence function of the test statistic will be

analogous to that described for the principal components by Croux & Haesbroeck (2000). For instance,
in dimension 2, the largest values of the partial influence function are obtained along the bisectors.

The expression (14) allows to see easily that the right hand term is positive.

The following theorems state the partial influence functions of the functionals related to the test
statistics used to test Hprop against Hopc.

Theorem 5. Let V;(F') be a scatter functional such that V;(F;) = 3;. Denote by By, ..., By, Ait;-- -, Xip
the common eigenvectors and the eigenvalues of X;, i.e., assume that Hprop : X; = pi,BAl,BT , for 1 <
i < k holds with p; = 1. Assume that the influence function IF (x, V;, F;) and %Vi(Fi’e’x)L—o exist and
that Ay > ... > \,. Then, the partial influence functions of Ry prop are given by

PIF;(x, Ry prop, F)? = vec [PIF;(x, D, F)|" Sglvec [PIF;(x, D, F)] (15)
where
1
PIF(x.Di,F) = — |Ji—BIIFx Vi F)Bre|  i#1 (16)
21
1
PIF,(x,D;, F) = S [Jl ~ BLIF(x, V1, F1)B, Cl} (17)
T T T
3 = (B3IF(x Vi, F)By,..., BLIF(x, Vi, F))B,)

The following Theorem, whose proof follows easily using the same arguments as above, gives the
values of the partial influence functions of Sy prop (F).

Theorem 6. Let V;(F') be a scatter functional such that V;(F;) = 3;. Denote by By, ..., By, Ai1;- -+, Xip
the common eigenvectors and the eigenvalues of X;, i.e., assume that Hprop : X; = pi,BAl,BT , for 1 <



i < k holds with p; = 1. Assume that the influence function IF (x,V;, F;) and 82V ( ”X)‘ o exist
€e=
and that Ay > ... > \,. Moreover, assume that the influence function IF (x, V;, F;) and 82V ( m,x)‘ .
€e=
exist and that A\ > ... > \,. Then, under Hprop, the partial influence functions of Sy prop are given
by

T 1
PIFi(X7 SV,PROP7 F)2 = % {42 - _/71 } ) (18)

where )
B]1F (x, Vi, F,) B, v GBIF (x, Vi, F) B,

p
g /}/Z = ’
> e > 2

J=1

Note that Cauchy-Schwartz inequality imply that (;p > ~? and thus, PIF;(x, Sv.prop, F') is well
defined.

Remark 3. It is worth noticing that

k
ZlE(PIF(X SVCPC,F)) = 01%

1

(PIF X, SVPROP7F)2) = oi(p—1)(k—-1)

\l|)—t

1=
k
as expected.

Figures 1 to 3 give the plots of the partial influence function PIF; of the three functionals when p = 2
at F' = Fy x Fy with F; = N (0,diag(2,1)) and F;, = N (0,4 diag(2, 1)), respectively. We have considered
as scatter matrices estimators the sample covariance matrix and the Donoho—Stahel estimator using as
weight function the Huber’s function with constant |/x2(0.95) = 2.4477. The univariate location and
scale functionals are the median and the MAD, median of the absolute deviations with respect to the
median. An expression for the influence function of the Donoho—Stahel scatter functional can be found
in Gervini (2002).

In all cases, the shape of the partial influence functions of the robust estimates is comparable to that
of their classical relatives at the center of the distribution, while the influence at points further away is
downweighted for the robust estimates while it is much more larger for the classical ones. However, it
should be noticed that the robust functionals have a discontinuity at 0, due to the discontinuity of the
influence function of the Donoho—Stahel scatter functional. On the other hand, as mentioned in Remark
2, for the PIF;(x, Sv.cpc, F) the largest values of the partial influence function are obtained along the
bisectors while the largest values of PIF;(x, Rv prop, F) and PIF;(x, Sv prop, F') are attained along the
axis, except for (0,0).

5 Monte Carlo study

5.1 Testing Hcpc against arbitrary scatter matrices

We performed a simulation study in dimension p = 4 to compare Ty, cpc, i.e., the log-likelihood test
statistic and Topc with the Donoho(1982)-Stahel(1981) estimator, indicated with thick and dashed lines



in the plots respectively. The Donoho—Stahel scatter estimator (DS estimator) was computed using the
Huber weights with tunning constant |/x2(0.95) = 3.0803 and as univariate location and scale estimators,
the sample median and the MAD, median of the absolute deviations with respect to the median. Note
that for the classical test 07 = 1 when the observations are normally distributed. Then, to provide fair
comparisons, the value of o1 was numerically computed for the Donoho—Stahel estimator in p = 4, under
normality, and it result equal to 1.0246.

We have considered two populations with 3; = diag(16,8,2,1),

Yo=43%+

oo oo
oo oo
[l el G )

o oo

and A =0,3,6 and 9.
In all models, we performed 500 replications generating two independent samples of size n; = n = 100.

The results for normal data sets will be indicated by Cj, while C7, Cy and C3 will denote the following
contaminations.

e Ci: X;1,...,Xip are i.i.d. 0.9N(0,%;) + 0.1N(0,9%;).

o (5 X11,...,X1, are ii.d. 0.9N(0,%;) + 0.1N(0,9%,) and x21,...,X2, are i.i.d. 0.9N(0,X,) +
0.1N(pg, X2) with gy = €4 — 100e2. The aim of this contamination is to see how the bias of
parameter estimates affects the level of the test.

e (3 x11,...,X1y, are 1.i.d. 0.9N(0,%7) + 0.1N (g, X1) with gy = 300 Z%/2e4 and Xo1,...,Xo, are
iid. 0.9N(0,32) + 0.1N(py,4%1) with prg = 2p4;. The aim of this contamination is to breakdown
the power of the test for large values of A.

To summarize the results, we evaluated the power of the test, with fixed size o = 5%, by computing the
percentage of rejections, over the replications. Fig. 4 displays these results as a function of A.

The performance of Tcpc with the DS estimator is similar to that of Ty, cpc under normality, but it
is better under contamination. Both the power and the size of the classical test can be seriously affected.

5.2 Testing Hprop against Hcpc

We performed a simulation study in dimension 4 to compare the behavior of the Wald type statistics
computed with the sample covariance matrices, Wi, cpc, and with the Donoho-Stahel estimator, Wcpc,
plotted with thick and dashed lines in the figures, respectively. We have considered two populations with
>, = diag(16,8,2,1),

164 O 0 0
0 8A 0 O
Yo=43 + 0 0 24 0
0 0 0O O

and A=0,1.5,3,4.5,6,9 and 15.

10



In all models, we performed 500 replications generating two independent samples of size n; = n = 100.
As in the previous Section, we show the results for normal data sets (Cy), for C; and C3 and also for the
following contamination

e C4: X11,...,X1p are 1.1.d.N(0,3) and X91,. .., X9, are i.i.d. 0.9N(0,35)+0.1N (0, X3) with X3 =
diag(160, 80, 20, 145)™ .

To summarize the results we evaluated the power of the test, with fixed size o = 5%, by computing
again the percentage of rejections, over the replications, for both statistics. Fig. 5 displays these results
as a function of A.

The performance of the Wprop with the DS estimator is similar to the one of Wy, prop under
normality, but it is better under contamination. The same behavior is observed with the plug—in test
statistic Tprop and Ty, prop Which are plotted in Fig. 6. However, it should be noticed that the rate of
convergence, under the null hypothesis, of the log-likelihood test seems to be slower since the frequency
of rejection is 0.0820 againts 0.030 for the Wald test statistic. For the robust ones, the frequencies are
0.1020 and 0.0380, respectively. With both type of statistics, the size of the classical test can be seriously
affected under the contaminations considered. Note that the power of the classical test is highly sensitive
to the contamination Cy, while that computed with the Donoho—Stahel estimator shows some sensitivity
for lower alternatives but recovers its performance as A increases. Under this contamination the robust
plug—in statistic performs much better than the Wald—type one. Contamination Cj also breakdown the
level for all methods. It is worth noticing that contamination Cy is a difficult one to be detected by the
robust procedure since it corresponds to mild outliers showing that more research should be done in this
direction to avoid this effect.

6 Example

The following example shows that, similar problems to those described when estimating the principal
components, arise when testing a CPC model by introducing a few atypical data.

We have considered the data on the petal and sepal width of two species of Iris, Iris versicolor and
Iris virginica, given in Fisher (1936) and studied in Boente and Orellana (2001). The log-likelihood test
statistic assuming normality for Hopc against arbitrary scatter matrices has a value of 1.7463 that gives
a p—value of 18.63%, not rejecting the null hypothesis. In order to show the effect of a small number of
outliers we modified four data points in Iris versicolor and three data points in Iris virginica as shown
in Figure 1 in Boente and Orellana (2001). The value of the test statistic is now 4.7880 and so the null
hypothesis is now rejected at level 5%. Moreover, the p—value is 2.86%.

In order to solve the problems observed with the maximum likelihood procedure, we have considered
the test statistic described in Section 2 computed with the Donoho—Stahel estimator. As in the Monte
Carlo study, the value of o1 was set equal to 1.0241 for the robust scale estimator while o7 = 1 for the
sample covariance matrix. The test statistic for the original data is now 2.6485 while for the modified one
is 2.2012 giving as p—values 10.78% and 14.26%, respectively. This shows that, when using the robust
procedure, the introduced outliers do not change the decision.

When testing Hprop against Hopc, we get a different situation: the classical and the robust proce-
dures lead to different conclusions. The p—values for the Wald—type test based on the sample covariance
matrices are 11.98% and 6.90% for the original and modified data sets, while for that based on the

11



Donoho-Stahel statistics we get 3.52% and 2.19%, respectively. The results given in Table 1 in Boente
and Orellana (2001), make us suspect from the non—validity of Hprop. Thus, we may suspect that the
result obtained for the classical test could be distorted by some masked outlier or by a small number of
data points. We thus performed the log-likelihood tests obtaining as p—value 3.36% and 1.19% for the
classical and robust procedure, respectively, for the original data set. Note that this results are consistent
with the result obtained for the robust Wald proposal.

In summary, using the robust tests we would conclude that level 3 is adequate (with or without the
outliers), while when using the classical tests the conclusions would be different (indicating level 4 when
the outliers are present) and depending on the the test statistic used to decide between levels 2 and 3.

7 Final Comments

If in multivariate analysis involving k& independent populations the assumption of equality of scatter ma-
trices is not adequate, problems may arise because of an excessive number of parameters if we estimate
the scatter matrices separately for each population. Such problems can often be avoided if the different
covariance matrices exhibit some common structure. The common principal components model, intro-
duced by Flury (1984), generalizes equality by allowing the matrices to have different eigenvalues but
identical eigenvectors. This explains why it is often of interest to decide on the equality of their scatter
matrices or on how they can differ. Moreover, since multivariate outliers are very difficult to detect, it is
important to use robust procedures to take these decisions.

In this paper, we have considered the four level hierarchy of relations between scatter matrices intro-
duced by Flury (1988) and we have proposed several robust tests to decide between level 2 (proportional
model), level 3 (cPC model) and level 4 (arbitrary matrices) of that system. We have derived the as-
ymptotic distribution of each test statistic under the corresponding null hypothesis. As in the classical
case, this distribution is, in every case, a chi-square distribution (or a multiple of it) with a number of
degrees of freedom equal to the difference between the number of parameters in the appropriate levels.
The multiplicative constant is related to the asymptotic efficiencies of the common eigenvectors, which
are the efficiencies of the off-diagonal elements of the scatter estimates considered. We have also obtained
the partial influence functions of the test statistics which show how contaminating observations affect the
test statistics.

A small simulation study complements the theoretical results obtained. It shows first that, for the
number of observations considered, the desired level is almost attained when using the asymptotic dis-
tribution. It also shows that the loss of power of the robust procedure for non contaminated samples is
negligible when compared to the classical procedure. Finally, it is obvious from the results given, that
contamination of the samples can destroy both the level and the power of the classical versions of the
tests, whereas the robust tests still lead to reliable results. A real example also illustrates some of these
aspects.
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8 Appendix

Proor or THEOREM 1. Without loss of generality, we can assume that, under Hcepc, B = I, i,
Ei = AZ = diag()\il, e 7/\2'p)-

~ 1
First of all, note that Z; = v'N (Vi—A)) 2, Z; where Z; ~ N <0, —EZ) ,withE; = 01 (I+ Kpp) (Ai®
i

A;) 409 vec (A;) vec (A;)". Note that when dealing with the maximum likelihood estimators, and when
~ ~ ~ 1
G = N(O,Ip), 09 = 0 and g1 = 1, i.e., Zi,ML = \/N(SZ — Al) L Zz where Zz ~ N (O, ; (I + Kpp) (Az ® A2)> .

(2

Denote by [AJ, =N <BTV,~,E'} — Ai>. We will show that IAJZ are asymptotically normally distributed.
The proof follows similar steps as those given in Theorem 2 in Boente and Orellana (2001). Denote e; the
j-th vector of the canonical basis and ?J = (fjl, . ,fjp)T, with fjj =N (Bjj — 1) and fjs = \/NBS]-.
Then, using that f;; = 0,(1) and that f;s = O,(1), for s # j, straighforward calculations lead to that

ﬁi,ss - VN (BSTVZBS — )\is) = 21’,55 + Op(l)

~T.  ~ ~ —~ —~
Ui,sj = \/Nﬁs Vzﬁj = Zi,sj + )\isfjs + )\ijfsj + Op(l) .

Note that as in the proof of Theorem 2 in Boente and Orellana (2001), f = vec (/f\l, e ,?p) can be written

as f = B~d + op(1), with B a non-singular matrix and d with his first p(p + 1)/2 rows equal to 0 and

his last rows equal to vec(W) where W = (wsj)1<s<j<p

Wej = sz—ZT, " )\ Zig; fors#7j.
ij/\is

The non—singular matrix B is related to the system of equations

fjs+fsj = Hjs for 1<s<j<p
ejTAijS + e;FAjsfj = vj, for 1<s<j<p
Aij — Ais . . .
where A, = Z TliAi, with solution given by
)\U)\zs
lij = 53 for 1<j<p
k
Aoi — A
Vjs — eszTgu
fjszejs_fsj = - for 1§8<j§p.
i )\Zj )\Zs)
—1 )\Zj)\fs

13



which implies that

fjj = o0p(l) for 1<m<p
i Aej — Mes 5
R ZTZ )\Z \ l,sj
~ ~ w,; _ S
fis=—Fi+op(1) = —— is ~ +op(1) == ’ —+oy(1) for 1<s<j<p
Z (/\Zj - Aés) (AZ] - /\Zs)
T Ty
= AejAes = AejAes
Putting the above expansions together we get that
Uvi,ss = Z@SS + Op(l) (19)
. - Ais — Aij KNG = s 5 .
Ui,sj = Zi,sj + N < ZTZ Y a vasj + Op(l) I<s<j<p, (20)

k (Agj = Aes)” o) D MM

Z )\Zj )\Zs

which shows that U; = VN (,@TVZ-,B — AZ-) are jointly asymptotically normally distributed.

In Muirhead and Waternaux (1980), it is shown that given a sample of size n and a scatter statistic
S =X+n"3Z with Z an asymptotically normally distributed matrix, under Hyy : 3 = diag (011, ..., 0pp)

-1
2
the test statistic —2log Ay with A} = det (S) [H s,-,-] can be expanded as

det (diag(S))) _ %

—2log Ay = nlog ( det (S)

+ Op(n~ )

1<i<j<p “07]

This expansion can be applied to each term in Tcpc, since Hopc holds and we have assumed 8 = I,.
Therefore, using that n; = ;N with 0 < 7; < 1 fixed numbers, we have that for 1 <i <k

~T.  ~
det (diag ( B V3 2
Uz ,S7 -1
n; log =T Z ——— 4+ Op(N"2),
TS, 5 04507
det (,8 Vi,8> 1<s<j<p " BsUhIT
which entails that
k 21 L
Tecre = Y7 Y, [Ui,sj} oot Op(N™2)
i=1 1<s<j<p 187
since X; = A;.
Therefore, the asymptotic behavior of Topc depends on the asymptotic distribution of U= (UZ Sj) 1<i<k
1<s<y<p
and therefore using (20) on that of ?Z = (Zi’sj)1< i<y 1 < i < k. Note that \?Z are independent and
<s<j<p

asymptotically normally distributed.

_ 1
Denote Y; = (Zi,sj) with Z; ~ N (O, — I+ Kp) (A ® AZ)> independent for 1 < ¢ < k.
T

1<s<j<p
1
Then, Y; —>012Y

14



This implies that the asymptotic distribution of Topc is that of

k
1
=01 7 Y [Ugl N

=1  1<s<j<p
with

- Mis = Nj o~ Ay s .
Uisj = Zisj+— Lt ZTZ /<_)\ *Zysj 1<s<j<p,
(Agj = Aes)” Y £jMs

Z )\Zj )\Zs

The distribution of % is the distribution of the likelihood ratio test for normal populations, since the
above expansions hold in this particular case.

Therefore, Tcpc has asymptotic distribution 01X2(k71)p(p71)- O
(e=Dpp-1)

PROOF OF THEOREM 2. From the equality

o~

. Aij — Nij Aij (3
Cis — Cjj = = — = >\z _/\i
! ’ il Ait it ( ! 1)

we get easily,

ASCOV (Gij, Gis) )\% ASCOV (Xij,ﬁis) - i—ZjASCOV (Xﬂ, Xis) - ;—ZjASCOV (/):il,/):ij) + )‘Z)]\)\“ ASVAR (A )]
i i i B

and thus, replacing by the expressions given in (7), we obtain

1 A\
ASCOV (Gj,Cis) = 201— ”2 Y for j # s
1A
ASVAR (¢;;) = 4doj——2L
( l]) 17'1' /\221

Therefore, we have that under Hopc \/_(E, ci) PN (O 201— (c,c + dlag( Ciny v - e ))) and

ip
asymptotically independent for different ¢ which entails that, under HCPC

VN (€ —c; — (€1 — 1)) LN <0,201 E (clc —|—d1ag( Cigs e Zp)) + 1 (C1C1 + diag (012, . ,C%p))}>

and so under Hprop

A~ 4 1 1 .
VN (€& —¢) L2, N (O, 201 {— + —} (clclT + diag (0%2, o ,c%p))>

Ti 1

Denote B; = 20y (clclT—i—diag (0%2,...,0%1,)), C = (ci,...,¢;) and C = (€y,...,¢,). Using the

asymptotic independence of the columns of C and that ASCOV (¢; — €1,C/ — C1) = ASVAR(Cy) = %Bl,
we get that under Hprop,

_ 1 1 1
VND 2. N (0, 5 =B® {—11T} + diag <—B2, e —Bk>)
T1 T2 Tk
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where B; = 20 (c,-ciT + diag (c?Q, - ,cgp)).
The matrix f]ﬁ is a consistent estimate of Eﬁ. Therefore, from the above discussion we have that,

D
under Hprop, WproP — X%p—l)(k‘—l)’m

PROOF OF THEOREM 3. As in Theorem 1, without loss of generality, we can assume that, under Hprop,
B =1, ie, X; = A; = pidiag(A1,..., \p).

=~ 1
Notice that Z; = VN (V; — A;) 2, Z; where Z; ~ N (O, —E,), with B, = o1 (I+ K,p) (A; ®

Ti
A;) + og vec (A;) vec (Ai)T. Moreover, from the proof of Theorem 1, U, = VN (,8 V.3 — Ai) is
asymptotically normally distributed and satisfies that

ﬁi,ss = \/N (;BSTVZBS - >\ZS> = Zi,SS + Op(l) :

Using a Taylor’s expansion of order 2 and since the eigenvalue and the proportionality constant
estimators are asymptotically normally distributed, we get

log (XU) — log (ﬁl/):j) = ,Z)\LX (XU — ,Z)\ij) — ﬁ (XZJ — ﬁi//{j)2 + op (N_l) .
i i A

Then, we get

Tprop = — an > log (/A\ij) —log (ﬁi;\j)

-
Il
—
.
|
,_.

o~

'1 ‘ (Xij - ﬁi/\j)2 +0p (1)

I
|
™=
3
(]
-
/N
>
<
|
>
2
~—
+
(]
3
NE
DO
%
%eel

=1 j=1 ﬁl}‘) =1 j=1 P;

S nd (22 -1) 43S o (3 - )’
= — n; —= — 1|+ n; == >\zg - ﬁz>\j +0p (1)

=1 =1 \PiNj o o2

J 2N k 4
n; A 1 ~ ~\2
= pN—Z%ZA—”+ZniZ 7 (/\Z]—,OZ/\]) + o0, (1)
=1 Pi 7j=1 /\] 1= 7j=1 2p2 >‘j

=1 Pi =1 j=1 2p2 j
k
1 1 ~ 2
= §ZTZZA2X2 N ()‘ZJ_PZ)‘J) +0p (1)
i=1  j=1Pi"N;
k 4
1 1 ~ ~\2
- 52722 e NV ()‘w Pz)‘y) +0p (1)
=1 j=1 Pi J
Using that
N 1& N, 1 Uiji | Pi= N
R N R o LI
PiZN PISVNN P SA



we get

N . k 1 p
\/N (ﬁz)\j - )‘2]) = ZTZW@' + 5 Z Wis -
/=1 s=1

where W;; = Ui,jj/)\ij is such that W; 2, N (0,B) independent where B = 2011, + O'lelg, ie,
W -2, N (0,1, ® B). Thus,

1 k P v 2
TproP = 3 ZTi Z Wij + — — M; Ni) +0p(1)
i=1 j=1 p
1 k p ) V2 p ) k
= §ZTZZW” +— =) M —p> TN +o0p(1),
i=1 j=1 p j=1 i=1
where
k 1 p D k
Mj=> mWy Ni==> W;; V= Mj=p> ©N;
i=1 pj:l j=1 i=1

After some algebra, we get that the asymptotic distribution of Tprop is that of Ly = %WTTW where
Y is given by

Y-A+laaT_c-lr
p p

with

T = diag(Tllplg,...,Tklplg):diag(Tl,...,Tk)(X)(lplg)

p
C = Y Bj1,1,B; =77 oI,

j=1
B, = diag (TlejT, e ,TkejT)
T = (71,...,Tk)T
T
a = (Tllg,...,Tklg) =7T®1,
. T T T .
A = dlag(ﬁlp,...,mlp) = diag (71,...,7%) ®1I,

It is easy to see that Y (Ik ® (1;,,1;)) = 0, thus the asymptotic distribution of Tprop is the distribution
of Ly = W*TYW* with W* ~ N (0,011,). Using that Y is idempotent with rank (p —1)(k — 1) we get
the desired result. [J

The following Lemma will be useful to prove Theorem 4.

Lemma 8.1. Let V;(F) be a scatter functional such that V;(F;) = X;. Denote by By, ..., Bp, Ai1;-- -, Aip
the common eigenvectors and the eigenvalues of X, i.e., assume that Hope @ X = BA;BT , for 1 <
i < k holds. Assume that the influence function IF (x,V;, F;) and g—;Vi(Fi,QX)‘ exist and that
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A1 > ... > Aip. Let By (F) and \v g; denote the plug-in functionals related to the scatter V(F) =
(Vl(Fl) Vk(Fk)) and let F57x7i = Fl X... X Fz’—l X Fi,s,x X E+1 X... X Fk where Fi,s,x = (1—6)E+65x.
Moreover, define AW Av ¢j (Fex,i), then we have that

lje
O ) Aij = Aim T 2
2 — )3 T T82
+ 27' Z# )\2 /\2 {ﬁ IF(X VHE)ﬁm} +13] a 2 (‘FLE,X)’ :Oﬁj (21)
m#j im” Vg
2 (Aij = Aim)? 2 :
paMinlg = 27 T Cen =) S T AL (I V) Bt 22)
m#£j m’ e,

-1
)\Zm )\Z)
where A =4 T, d
ere A { — N }

Proor. Using (10), we have that )‘Z'),e = Ay (Fex,i) = ,3 ViBj for £ # i and )\Ej)e Aij (Fex,i) =

B VieBje with 8, = By (Fex,i)- Thus, straighforward calculatlons, lead to

0 1) 4" T
SNl Ly = 2538 _, ZiB; + A PIF (x, By ;. F) TF (x, Vi, F}) B; +
T T82
+ 2PIF; (x, 8y, F) SiPIF; (x, 8y, F) + 8] o (F,vE,X)LZOﬁj
o2 T T
= 2Xj558,|_, B +APIF: (x, By ;. F) TF (x, Vi, F}) B; +
T 2
+ 2PIF; (x, By, F) % PIF; (x, By, )+ﬁj82 i(Frex)| _ B;
and
9 () * 4T T
5Nl = 2MipaBid_, B +2PIF; (X,BVJ-,F) >, PIF; (X,BVJ,F)

T
_, By = —PIFi (x,By;, F) PIF; (x,By,,F).
From Theorem 1 in Boente, Pires and Rodrigues (2002), We have that

Using the orthogonality conditions we get that 6%256]-

— Aij — Aim T
PIFi(XaBV,jaF) =T ZW {B IF (x,V; F)Bm}ﬁm )
m#j
and so
% i Nij — Aim)? 2
) 5. — = —2 77 (]AQT)A%U [6jTIF(X7Vi7E)Bm] +
m#j im7\iyg
>\i' — /\zm 2
+ 47 Z 37 A [,BTIF(X V; F),@m} +
m#j
(AZ A )2 T T 62
+ 27 2%:/\“% Lol g2, [T (x, Vi, F)ﬂm} + 8 55 VilFien)| _ B
m#j im7 g

18



>\i' /\zm
= 47’7; Z )j\ZT mj [,BTIF(X V F),Bm:|2+

m#£j
2 — )3 T T82
+ 27 %: g A B TF (x, Vz,F)Bm} 8 55 VilFiex)| _ B;
m#j m’ g
and
82)\ = 272 )A2 TF (x,V,, F, ?
@ lj,€ —0 05Ty Z;A /\2 )\2 [ﬁj (X, i Z),Bm} +
m#j im’g
2723 A — i)’ 2 [gTip v, ) 8 )
+ i Z Zm )\2 )\2 mj [ﬁ] (X7 9 z)ﬁm}
m#j m’ g
(Aij — Xim)? 2
= 277 3 (om = Mj) ~g s Any |BIIF (. Vi Fi) B,
m#j im7\ig

concluding the proof. O
Note that if ¢ # i, then,

PrROOF OF THEOREM 4. We need to compute g—:gTvgpc(Fe,x,i)
% log (A\; (V¢(Fe))) = 0 for all j.

82
@TV,CPC(FQX,Z') =0 = a a2 ZT@ZIOg )\V Zj e X, z)) - IOg ()‘] (VZ(FZ))) =0 +
Z;ﬁz j=1
82
+ 5 O Y o8 O (P ) — 105 (3 (Vi(Fico) o
7j=1
- ngzazlog i (Fexi)) |+
0#£i g=1
82
+ 713 e log Owig (Fex,i)) = log (4 (VilFiex)] | _
j=1
P [PIF;(x, \y, ¢, F)* 1 &2
= Ty ’ ) +_—)\V,Z'(Fe,x,i) +
g ];1 /\%J /\g' De? J e=0
P [PIF;(x,\v. i, F)? 1 92
+ Tiz ’2 L + )\VZ](FEXZ)
=1 A Aij O€? =0
—[IF(x, N (Vi) F))2 1 82 .
{ A?j a0 Vil 1]

Using Theorem 1 in Boente, Pires and Rodrigues (2002) we have that PIF;(x, Ay ¢j, F') = 6y B;-FIF (x, Vi, F;) By,
while Lemma 3 in Croux and Haesbroek (2000) which gives an expression for the influence function of a
robust scatter functional entails that IF(x, \; (V;), F;) = B;-FIF (x, Vi, F;) B;. Therefore

62 p 1 82
51 Fe X, 2 FE X,
5e2 v,cra(Fe, ;TZ; A; 02 Av i (Fe x, )E:0+
p 1 82 82
Z_: N a2 WVilFexdl| o~ gt (VilFiex) | (23)
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Let B3, be the eigenvector of V; . = V;( ”X) then B,,0 = B; and \j;c = \j (Vi(Fiex)) =
BN’E f E,Bj ive which entails that 2 5¢ Njie = (aﬁ Nﬁ) i 55] iet 3;,2,6 ( ) Bjﬂ-p thus

82
92’ (Vi(Fiex))

T
%iB; +A1F (x,8; (Vi) F) 1F (x, Vi, F}) B +
Ty,
7 He2
Using that 3;8,; = \;;3;, the expression for the influence function of an equivariant scatter matrix given
in Lemma 3 in Croux and Haesbroek (2000)

2 T
= 2@5]@5 =0

e=0

n ZIF(X,B]-(VZ-),FZ-)TEZ'IF(x,ﬂj(V) )+B (FZ,E,X)\ B

IF (.8, (Vi) F) = 35—~ .[QWWWEWJ%
m#j

and the fact that B] i.eBjic =1 which entails that gﬁﬁj i.eB; =0 and so

0?2 T T 1 2
@5]‘,@5 o Bi= I (X, B, (Vi) ,Fz’) IF (X, B, (Vi) ,Fz’) = - %;] m [ﬂJTIF (vai,Fi),@m}
we get
0? T 2
aat Villiex))| = =2y 2 (i — Aim)? [Bﬂ' IF (x, VZ”FZ')B"J +
+ A A[@E@WﬂWAZ
m#j
82
T T
+ {%ﬂA m)WImwammJ+@82 i(Fiex)| _ By
T
= B] a ) (E,E,X)‘ ﬁ +
+ 2 Z 5 |81 (x, VZ,F)ﬂm} Pim — Aij + 2 (Aij — Aim)]
m#y /\Zm)
T & T 2
= Bl 55 VilFiex)|_ B +2 > T [87IF (x, Vi, F) B,] - (249)

ﬂ#]

Thus, from Lemma 8.1 using (24) and (21), we obtain that

9?2 Nid /\zm 2
58 PVaii (Foxi) = X (VilFex))l| ) = 47 —; I Ay [BITF (. Vi, F) B] +
m# m
- 3
+ 27—2 Z )\2 )\2 [BTIF (X VlaF)Bm:|
m#j m’ g

~ 9 %: )\m) ERi (x,Vi,Fi)er
m#j

The equality (13) follows now using (23) and the expression (22) given in Lemma 8.1. Straightforward
calculations allow to derive (14) from (13). [
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2
PROOF OF THEOREM 5. We need to compute %WVPROP(F“J)

0 Since,

0? 0

@WV,PROP(FE,XJL) = 2vec (ED(FE,x,i)> z:]:) ( €, X, 2)7}66 (D(Fs,x,i))

using that under Hprop, D(F') = 0 we get (16). On the other hand, using that PIF; (x, A\¢;(F'), F) =0
if i # £ and PIF; (x, \j(F), F) = ,BJ»TIF(X, Vi, F')B; the proof follows easily. O

. Since

2
PRrROOF OF THEOREM 6. We need to compute g?TV’PROP(FE,xJ)

koop
Tv prop (Fe,x,i) = Y 7 Z g (pve(F)) +log (Av ;(F)) —log (Av ¢;(F))
= :

[y

and PIF; (x, \v ¢, F) = (MﬂjTIF(X,Vi, F)B;, we have

12
e=0 )\] 862

e
362

0? 0?
WTV,PROP(Fe,x,i) o = Smd = (pee) —
€ = =1 j=1 pe

1
e=0 )\]pg

(Aje) (Aje)

iTZ i [PIFZ (X7 AV,Z]')F)]2 B [PIFZ (X7pV,€7F)]2 B [PIFZ (X, )\V,j, F)]2

+ 2 2 2
=1 j=1 AL Py Aj
= 51+ 52
k 2 P 2 k 2
7 O 10 1 0
S1o=7p o5 (pee)| _ + 25 Nid) | 2. 53 (M)
= po O e=0 jz:;/\] 0e2 VI le=0 éz:; jzzjlpg/\j €2 Y e=0
v [BTIF(x, V,, )8 kA2
7 Y (2 7 TZ i
Sy = TZZ|: 232 } _pz P {6&(1 521)+p5621(1_6£2)}
=1 Pinj =2 Pe
p 1 T 2
— Z V) ﬁTIF(X VZ,F)ﬁ —)\jA,-+)\jA1(5,-1
j=1 A] Pi
1 & B IF(x, Vi, F)B;
A = Ai(x):_z s
py:l ]

where the last equalities follow from Lemma 7.1 in Boente, Crichtley and Orellana (2005), since
PIF; (x,pv.e, F) = Ai(x) (1 = 041) 0gi — peA1(x)di1 (1 — 6¢) 2<(<k
PIF; (x,\v;, F) = —BTIF(x, Vi, F)B; — —\Ai(x) + NjAi(x)61  1<j<p
Pi Pi

a) We begin by computing Ss.
For i #1

2

v [BfR VL R)BT a2 22

S2 = Z PN —P—3 __22)\2
J=1 v J
2\ A
(1

BTIF(x, V,, F)B; +A2A2}

2
Ti —Ti) 2 T 2T, Ti(l—Ti) ) Ti(l—Ti) 1 2
= — 2 —pA;—+pAi-L = ——2 & —pAi )= ———= & — —;
pp T el T P; (& —pa?) Pi Copt



Fori=1

r |BTIF(x, V1, F 1
Sy = le{ﬁj (X/\; )IBJ —pA7 (1-7)

j=1
L
X
1—7m)& —p 1(1 —71) _pAl(l - 7'1)

|
NE

[n (BTIF(X Vi, )B]) + 27 (1 — m)NABSIF(x, Vi, F)B; + (1 — )2 M5 A

<.
Il

—~ =

b) We compute now S;. Using that

e = 23 Vg e ) zk:TAV’“(F) 1<j<p
V.l = - = Ly V.j = I >7 >
p = Av(F) ’ = pvi(F)
we get that
0? 11 092 1 82
—— (pre = 2 —— (M) z
21 2 )
- _ZFPIF (%, Av,j, ) PIF; (x, Av g5, F) + pgz —PIF; (x,\v ;, F)
pjzl J p j=1 ]
0? k1 0
— (Aje = S X0yl -2 PIF; (x, Av ¢j, F) PIF; (x, pyv ¢, F
562( J,) =0 ;Wa@( é]v) — 622/)( (x, V.45 F) (x PV L )
Z /) k T 02
+ 2) ) SPIFi(x,pve, F)" = A 5 (pee)
= 2 jé2p4862 =0
which implies that
zpjla2(A) zijZijlaz(A ) 2zij£zpijIF(xA ) PIF; (x, pv e, F)
N2 Ve | g T 2. 9.2 M - — 2 Pl V.05 V.05
= )\j €2 e=0 — Zj:l )\j €2 0 = P = )\j
"1 u Te L | Ty 0?2
+ 2y —A —PIF; (x,pve, F)" — —A (pe.c)
ng)\] jZZZQpi jgl)\] ]522p5862 e=0
k P 2 P
Ty 10 Ty
- ;722? Aije) |, —22@2 PIF (%, v .05, F) PIF; (x, pv ¢, F)
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Figure 1: PIF;(x, Sv.cpc, F') at F = Fy x F, with Fy = N (0,diag(2,1)) and F; = N (0, 4diag(2,1)).
a) Sample Covariance Matrix b) Donoho—Stahel Scatter Matrix
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Figure 2: PIF;(x, Ry prop, F) at F' = F| x F; with F; = N (0,diag(2,1)) and F; = N (0,4diag(2,1)).
a) Sample Covariance Matrix b) Donoho—Stahel Scatter Matrix
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Figure 3: PIF;(x, Sv prop, F) at F' = Fy x F> with F} = N (0,diag(2,1)) and F> = N (0, 4diag(2, 1)).
a) Sample Covariance Matrix b) Donoho—Stahel Scatter Matrix
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Figure 4: Frequency of rejection (7) of the log—likelihood test for testing model CPC against arbitrary scatter
matrices (thick line) and of the robust plug—in test (dashed lines —-—) under normal data and under contaminations
C1, Cz and C3. The dotted lines correspond to the frequency of rejection of the classical test under Cy. The
horizontal line corresponds to the fixed 5% level
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Figure 5: Frequency of rejection (), for testing proportionality against model cpc, of the classical (thick line)
and of the robust (dashed lines — - —) Wald test, under normal data and under contaminations Cy, C3 and Cy4. The
dotted lines correspond to the frequency of rejection of the classical test under Cy. The horizontal line corresponds
to the fixed 5% level
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Figure 6: Frequency of rejection (), for testing proportionality against model cPC, of the classical log-likelihood
test for proportionality against cPC (thick line) and of the robust plug—in one (dashed lines — - —) under normal
data and under contaminations Cy, C3 and C4. The dotted lines correspond to the frequency of rejection of the

classical test under Cy. The horizontal line corresponds to the fixed 5% level
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