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Abstract

The common principal components model for several groups of multivariate observations assumes equal
principal axes but different variances along these axes among the groups. Under a common principal
components model, plug—in estimators and generalized projection—pursuit estimators have been de-
fined by using score functions on the dispersion measure considered. As it is well known, reweighted
estimators allow to improve the asymptotic efficiency of the initial estimators. We will consider plug—
in estimators obtained by plugging a reweighted estimator of the scatter matrices into the maximum
likelihood equations defining the principal axes. The weights considered penalize observations with
large values of the influence measures defined by Boente, Pires and Rodrigues (2002).
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1 Introduction

Several authors, as Flury (1988), have studied models for common structure dispersion. As it is well
known, those models have been introduced to overcome the problem of an excessive number of parame-
ters, when dealing with several populations, in multivariate analysis. One such basic common structure
assumes that the k covariance matrices have different eigenvalues but identical eigenvectors, i.e.,

¥ =BA8Y, 1<i<k, (1)

where A; are diagonal matrices, 3 is the orthogonal matrix of the common eigenvectors and 3J; is the
covariance matrix of the i—th population. The more restrictive proportionality model assumes that the
scatter matrices are equal up to a proportionality constant, i.e.,

i=pX,forl<i<kandp;=1. (2)

Model (1) was proposed in Flury (1984) and became known as the Common Principal Components
(cpc) model. The maximum likelihood estimators of 3 and A; are derived in Flury (1984), assuming
multivariate normality of the original variables. In Flury (1988) a unified study of the maximum likelihood
estimators under a CPC model and under a proportionality model is given.

Let (xi;), <j<n; 1<i<k be independent observations from & independent samples in IRP with location
—J = 1T== k

n
parameter p,; and scatter matrix ;. Let N = Zni, T = NZ and X; = (x;1,...,Xin,). For the sake of
=1

1
simplicity and without loss of generality, we will assume that p; = 0,.

It is well known that, in practice, the classical CcPC analysis can be affected by the existence of
outliers in a sample. In order to obtain robust estimators, Boente and Orellana (2001) extended the
plug—in approach studied in Croux and Haesbroeck (2000) to several populations by considering robust
affine equivariant estimators of the covariance matrices 3;, 1 < ¢ < k. On the other hand, also in
the one population setting, i.e., & = 1, Croux and Ruiz—Gazen (2005) studied the influence function
of the projection—pursuit approach introduced by Li and Chen (1985). Boente and Orellana (2001)
also generalized to the common principal components model the projection—pursuit estimates i.e., the
estimator of 3 = (ﬁl, e ,Bp) is defined as the solution of

k k
B, = argmaxz 7 s2(XIb) Bj = argmaxz nis2(XIb) 2<ji<p, (3)

Ibl=1 =1 beB; =1
where B; = {b : ||b]| = 1,bTB,, = 0for 1 < m < j—1} and s is a univariate scale estimator. The
partial influence functions of the functionals related to both classes of estimators were studied in Boente,
Pires and Rodrigues (2002). A more general approach which consists on applying a score function to the
scale estimator was considered by Boente, Pires and Rodrigues (2005). This proposal considers a general

increasing score function f : IR" — IR and estimates the common directions as

o~

k k
B, = argmaxZTi f {32(X2~Tb)} B; = argmaxZTif {32(X2~Tb)} 2<j5<p. 4)
Ibll=1" =1 beB; i—1

The estimators of the eigenvalues of the i-th population are then computed as Xij = 32(XZ-TB]-) for
1<j<p



In this paper, we consider a reweighted estimator of the scatter matrices of each population, where
the weights do not depend on the Mahalanobis distance as usually (see, for instance, Lopuhad, 1999),
but on the outlier detection measures defined in Boente, Pires and Rodrigues (2002). The paper is
organized as follows. In Section 2, we motivate and introduce our proposal while in Sections 3 and 4 the
partial influence functions and the asymptotic variances are derived, respectively. In Section 5, through
a simulation study, the proposed estimators are compared with those defined through (4) for normal and
contaminated samples. All proofs are given in the Appendix.

2 The estimators

Let O(p) be the group of orthogonal matrices of order p. Let S; be the sample covariance matrix of the
i—th population. Flury (1988) defined maximum likelihood estimates (ML) for normal data as the values
solving the system

A, = diag (BTSZ-B)

B [ansl B, = 0 form#j (5)
i1 AimAij
~T ~
BmBj = Oomj-

In order to obtain robust alternatives, Boente and Orellana (2001) replaced the sample covariance
matrices by robust scatter matrices asymptotically normally distributed and spherically equivariant.
Under these conditions, they derived the asymptotic behavior of the robust plug—in estimates for the
common principal axis and for their size. As with maximum likelihood estimation, a solution for (5)
where the sample matrix is replaced by a robust one, always exists, since O(p) is compact. Uniqueness
conditions are similar to those given in Flury (1988) for the maximum likelihood estimators.

For one population, several authors, such as Critchley (1985), Jaupi and Saporta (1993), Shi (1997),
Croux and Haesbroeck (1999), Pison et al. (2000) and Croux and Ruiz—Gazen (2005), have suggested
statistical diagnostics and graphical displays for detecting outliers in multivariate analysis, such as side—
by—-side boxplots of the scores obtained from a robust principal component analysis and index plots
based on empirical influence functions. Under a common principal components model, partial influence
functions can also be used to detect influential observations in a sample. We will remind the definition of
the outlier detection measures introduced by Boente, Pires and Rodrigues (2002). Given an observation
x from the 7th population, let

P ; . 2
IML{(x.8.%) = > PIFZSXQ?%SS o (6)
r=1 r ;
IMBf(Xaﬁa)‘) = i {PIFZ(,BTxaﬁ(S?HFO)}T A;l(ﬂ’)\) {PIFZ(BTX,,B(ST’LFO)} , (7)

%
Il
—

where PIF;(x, g ;r, ') denotes the partial influence functions, Ag ;s and Bs, indicate the functionals re-

lated to the classical functional estimators S of the scatter matrix, Band A = (A1, ..., Adp, o, Ak1s -5 Akp
are the unknown parameters, z™ the vector z without the rth component and

An(B,X) = Ep {PIF;(u,Bg), Fo)PIFi(u, 85, Fo)" }

3
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vir(B,A) = Ep {PIF;(u,\sr, F)}* .

From now on, the index S or V indicates the scatter estimates, classical or robust one, used to compute
the plug—in estimates of the common directions and their size. The rth coordinate is not included in
the expression for IM B;(x, 3, ), since both its partial influence function and its variance are equal to
zero when transforming the data to the diagonal case. When F; o = N(0,, A;), expressions (6) and (7)
simplify to

{ (870" - A,-r}z
55

sl

IMI?(x,8,A;) = IMLY(x, B, X) = (8)

IMB2(x, 8. A;) = IMBX(x,8,\) =

The outlier detection measures were defined as IML(X,B,KZ') = IMLZ'(X,B, 5\) and IMB(X,,B,KZ') =
IM B;(x, B, 3\), where the ‘hat’ denotes replacement of the unknown parameters by their robust estimators
B and A; = diag(Ai1, - - - ,Xip). This proposal is analogous to the one considered by Pison et al. (2000)
for principal factor analysis in order to avoid the masking effect. As those authors mentioned, if one
computes IML;(x,3,A) and IMB;(x,3,A) _using the partial 1nﬂuence function of a robust functional
and then the diagnostics measures IM L;(x, 8, X) and IM B;(x, 3, X) at robust estimators, one will not
achieve the desired property of detecting influential points.

An estimate of XJ; can be defined as

zi: w (IML2(Xij,,B, A;), IM B* (x5, B, Ki)) Xij X

- J
Ei:lﬁli

- (10)
Z (IML XZ]7ﬁ7 )7IMB2(XZ]737KZ))

since we have assumed p; = 0,. k; is a normalizing constant in order to attain asymptotically unbiased
estimators of the scatter matrices 3J; at the normal distribution and w is a weight function which bounds
the effect of outlying observations. Now, the estimators of the principal axes and of the eigenvalues
can be defined by plugging—in these estimators into the system of equations (5), defining the maximum
likelihood estimators for normal data.

Our proposal, considers a three—step procedure

e Step 1: Obtain initial estimates of the common directions and their size either by considering
a plug—-in approach or by using generalized projection—pursuit estimates. Denote 3, and A; the
resulting estimates.

e Step 2: Define 3; through (10) using BI and A;.

e Step 3: Replace f), in (5) and solve. Denote B and X the final estimates.

It should be noticed that the reweighted matrices 3, are rotationally equivariant, but need not to be
affine equivariant. However, this allow us to construct equivariant estimates for the common directions.



3 Influence Functions for the Reweighted Estimators

As mentioned in Section 2, the estimators are obtained by plugging the reweighted robust scatter matrices
into the equations defining the maximum likelihood estimators for normal data. They are defined as the
solution of (5) where S; is replaced by 3. In order to define the functional related to the estimation
procedures, let

Wl (X7 137 A)
Ui(x,8,A) = w(IML*(x,8,A), IMB(x,8,A)) xx" (12)

w (IMLQ(X,B,A), IMB2(X,B,A)) (11)

where IM L(x,3,A) and IM B(x, 3, A) are defined in (8) and (9), respectively. For a given distribution
F = Fy x ... x Fy, let V; = V;(F) be the robust scatter functional related to ¥, evaluated at the
distribution F, i.e.,

_ ) EFi\Ill (XiaﬁI(F)vAI,i(F))
Vilh) = w Ep,Wi (xi, B,(F), Ay i(F)) (13)

where 3,(F) and A, ;(F') are the functionals related to the initial estimates.

We will thus define the functionals By (F'), Av i(F'), 1 < i < k, related to V = (V7y,...,Vy), which
are in fact functions of the initial functionals 3; and A, ;, as the solution of

diag {,3V(F)Tvi(F)5v(F)} = Av,(F) (14)

b Avim(F) = Avi (F) B .
'Bv’m(F)T {;TZ AV im (F)Avij (]F) VZ(F)} Bv,F) =0 form # 7 (15)
Bv,m(F)Tﬁv,j(F) = Omj - (16)

When 3; and A, provide Fisher—consistent estimators, V; will provide Fisher—consistent estimators, thus,
the solution (Av ;(F),Bv(F)) will be Fisher—consistent for (A;,3). The following Theorem gives the
values of the partial influence functions for the plug-in functionals defined through (14) to (16).

Theorem 3.1. Let V,;(F) be the reweighted scatter functional such that V;(F) = X;. Denote by
B1,--,Bps Aits---,Aip the common eigenvectors and the eigenvalues of X;. Assume that the partial
influence functions PIF; (x, Vg, F') exist and that A1 > ... > Ay,. Then the partial influence functions
of the solution By (F), Av i(F), 1 <i <k, of (14) to (16) are given by

PIF;(x,\v, ¢, F) = B]PIF;(x,V,F) B, (17)
M N — Aej)? & Aej = Nem T
PIF;(x,By, j, F) = > Z L. A > 7 "B PIF; (x,V, F) B, ¢ B, - (18)
i AemAej = AmAg

Remark 3.1. It is worth noticing that in this case, without any assumptions on the underlying distribu-
tion, the partial influence function PIF;(x, Av, ¢;, ) is not equal to 0 for £ # i as it is for the plug-in and
for the projection pursuit estimates studied in Boente, Pires and Rodrigues (2002, 2005). However, as it
will be shown latter, when all the populations have the same elliptical distribution except for changes in
the scatter, PIF;(x, \v, ¢j, ) = 0 for £ # i. This happens for instance, if we are interested in computing
the partial influence functions for normal distributions.



On the other hand, the PIF;(x, By, ;j» ) depends on the partial influence functions of all the scatter
matrices, since now the scatter matrices of the different populations are not independent.

The following Theorem gives the partial influence functions of the reweighted scatter functional for
differentiable weight functions.

Theorem 3.2. Let V;(F) be the reweighted scatter functional defined in (13), such that V;(F) = X;.

Denote by By,...,8,, Ae1,---,Agp the common eigenvectors and the eigenvalues of 3. Let B,(F) and

A, i(F) be Fisher—consistent functionals related to the initial estimates of the common eigenvectors and of

the eigenvalues of the i—th population. Assume that the function w : IR> — IR is differentiable and that

the partial influence functions PIF; (x,3,,F) and PIF; (x, A, ¢, F) exists and that PIF; (x,A; ¢,F) = 0
ow(u,v) ow(u,v)

for ¢ # i. Denote wi(u,v) = ———= and wa(u,v) = B and assume that we can differentiate
u v

under the integral with respect to € the functions

Equll (Xv BI(F€7X07Z')’ Al,i(F€7Xo7i))
EFZW1 (X7 IBI(FE,Xo,i)v AI,Z‘(F@Xo,i)) )

where Fex; = F1 X ... X Fj_1 X Fjcx X Fj11 X ... X F, and F; c x = (1 — €)F; + €0x, where 0x denotes

the point mass at x. Let gpg»z) (x) = w; (IML?*(x,8,A), IMB%*(x,8,A;)) for j =1,2. Then, the partial
influence functions of V,(F) are given by

PIFZ(y7V£7F) = DZ_I(F) Ry Ti,@(qu) - DZ_I(F)AZ,Z(qu)VZ(F) .
where

DZ(F) = EFZWI (XvﬁvAZ)

+ Zp: /\%EE {gpgi) (x) (B,Tx)z - )\n} [2 Air Br x x T PIF; (yu@r,mF) -
r=1""r
- (BFx)" PIF: (7. ar P+

T T
2y YR {«pé” <x>% PIF,(v.8,,.F) xx'8, + PIFy (v, F) xx"5,~

r=1 s#r

1(87) (87%)
xxT \ PIF, (y, Bir F) +

(PIF; (y, A\ irs F') Nis + PIF; (y, Aiis, ) Air)

2 )\ir /\is

BTx)" = 2w |

2
/\Zr

¢ 0 {(
Aoy, F) = 2 BIER ¢ (x)

r=1

T T
+2 é;EFZ {soég) (x)% {PIFZ- (y, Bir F)T xxT 3, + PIF, (y,,@l’s, F)T xx13,

|

for ¢ # i



+Z/\—3EF1{ ( )

~(8%)" PIF (y. Avir, F)

(3T ) — )\ir] [2 Nir BYx xT PIF; (y,ﬁI’mF) _

XXT}—I—

Yy {wé” 0 2 [21)

r=1 S;éT’ )\ZT‘AZS

PIFZ (y,ﬁhr,F)TXXTﬁg + PIFZ (y713],S7F)TXXT13T_

XXT}

Brxx"PIF, (y, B, ,. F) xxT} +

_5 w [PIFZ (y7 )\]JT, F) Nis + PIF; (y= )\I,isa F) )‘ir]

Yioy, F) = 22/\2 { (x) (,BT) — Aoy
+2 iZEFe{eo?(x)M

r=1 8757‘ )\ZT )\ZS

PIF; (y,ﬁI7T,F)TXXT,38 + PIF; (y,,@LS,F)TxxT,BT xx

for 0 # 1,
with Ny(F) = Eg, V1 (x,8, Ag).

The expression for the partial influence function of the scatter matrices involves, as expected, the
partial influence functions of the eigenvalues and eigenvectors functionals computed in the first step, so
that the usual influence function of a scatter matrix with nonrandom weights, given by ¥y(y,3,A;) —
N, (F) is corrected due to the initial estimation procedure.

From Theorems 3.1 and 3.2, using that A; ¢(y, F) = 0 and ﬂ?Ti,g(y, F)B; =0, if F} is an ellipsoidal
distribution, for 1 < i < k, we get easily the following Corollary.

Corollary 3.1. Under the conditions of Theorem 3.2, denote by B4,...,8,, Ai1,...,Aip the common
eigenvectors and the eigenvalues of 3J;. Assume that F; are ellipsoidal distributions, for 1 < i < k. Then,
the partial influence functions of the solution Bv(F), Av ;(F'), 1 <i <k, of (14) to (16) are given by

PIF;(x,Av, ¢j, F) = 04 D;'(F) {f% By Yii(x, F)Bj — Ay i(x, F)A"}

. N Y
PIF,(x, By, ;. F) = Z{Z ﬁ} {Z z f;z sz(F)BJTTi,z(x,F)ﬂm}Bm
mLg m

m#j 1

Note that, as mentioned above, under elliptical distributions, PIF;(x, Av, ¢;, F') = 0 for ¢ # i. More-
over, straightforward calculations (given in the Appendix) allow to show that, if all the populations have
ellipsoidal distributions, PIF;(x, By i F ) depends only on the partial influence functions of the initial
eigenvectors while PIF;(x, A\v_ ;j, F') depends only on those of the initial eigenvalues.

Corollary 3.2. Under the conditions of Theorem 3.2, denote by (B4, ...,8,, Ai1,...,\;p the common
eigenvectors and the eigenvalues of ¥;. Moreover, assume that 3; = diag (\i1, ..., \ip), Le., B =1, and

_1
that A, *x;1 = z; have the same spherical distribution G for all 1 < i < k. Denote by x the constant



that satisfies
EcWi (z,1,1)zz"

EGW1 (Z7 :[7 I)

L=
Then, PIF;(x, v, ¢j, F) =0 for £ # i and

Kk Y1(x,8,A:)j — Xij Wi(x,8,A;) — a1 (G)PIF; (x,\,ij, F) — aa(G)Nij A (x, F')

PIFZ'(X, )\V, ijs F) =

D(G)
W BA) (v 2d = Nyg) — a1 (G)PIF; (x, N ij, F) = aa(G)Ai A (x, F) )
D(G)
and
y Ti )\/i /\A 1(x, 8, A )
PIF;(x, By ;, F) 5 %; i S B, — as(G T%;JPIF (x B ) B, b, (20
Z: Aem A

where A;(x,F) = %PIF@ (x, A\r,ir, ') and oq(G) = k di1(e1) — c11(p1) + 2(p — 1) fi2(p2), a2(G) =
T# . r
K di2(p1) — c11(er) -1-]2f12(<P2) +2(p — 2) f123(p2), a3(G) = 4 [bi2(p2) + (p — 2)b123(p2)] + 2d12(1), with

D(G) = EgW (z, L) ana(¢) = B {p(2) 23 5}

bialie) = Ec {0 (2) =t 5} bios(¢) = B {0 (2) 21 23 23 } 6o

en(p) = Ba {¢(2) (1 -1) 21}
t

d(p) = Ec {o(2) (4 -1) dia(¢) = B {0 (2) (4 — 1) 1 5}
f12(p) = £ bi2(p) — ar2(p) f123(¢) = K biaz() — a12()

and ¢j(z) = w; (IML?*(z,1,1),IMB*(z,1,1)).

Remark 3.2. Corollary 3.2 gives the partial influence functions assuming differentiability of the weight
function. Similar expressions can be obtained when the function w is not differentiable by requiring
differentiability to the density of the common distribution G. However, since the weight function is
choosen by the practioner, it seems more natural to require smoothness on it than on the underlying
distribution.

Remark 3.3. Expressions (19) and (20) show that the partial influence functions of the reweighted
functionals are those of the reweighted functional computed with the true parameters corrected by the
partial influence functions of the initial functionals. Figures 1 and 2 show the plots of the partial influence
functions when F' = F} x Fy with F; = N (0, diag(2,1)) and F» = N (0, 4diag(2,1)). We have considered
as initial estimates, the plug—in estimators computed with an S—estimator using as p function the biweight
Tukey’s function calibrated to attain 25% breakdown point and the projection—pursuit estimate computed
with an M-estimator of scale using Huber’s function calibrated to attain 50% breakdown. The weight



function was taken as w (IML2(XZ']', B, jA\Z), IMB2(XZ']', B, ]\Z)) = Wi, (Xi5) X Wi (X45), with

) IML(x;j, B, A;) < ag
A 2
W, (%45) = e |- ([ML(XijuBaAi) - CLL) IML(xiy, B, Ad) > ar
26% T B
(21)
) IMB(x;;,8,A;) < ap
L 2
Wi (Xij) = e |- (IMB(XijaﬂaAi) - aB) IMB(xi;, B, As) > ap
2623 B
bL —ay,

b —
o and b, = G ' (0.975) while ap = Glél (0.95), cp = ZTCIB and

bg = Glél (0.975). The functions G and G g are the distribution functions of the random variables )

with a, = G3'(0.95), cf, =

and 3 defined in Boente, Pires and Rodrigues (2002) in order to detect influential observations, i.e.,
1
P 2 2y2
zi—1
o e
r=1 2

P 2 P 2 P 2
Yy ) - () vy
r=1 s#r r=1 r=1

where 21, ..., 2, are independent and identically distributed N (0, 1) random variables. The weight func-
tion is plotted in Figure 3.

B

It is worth noticing that the plots corresponding to the reweighted projection—pursuit estimates of
the largest eigenvalue look like the corresponding ones in a proportional model (see, Boente, Critchley
and Orellana, 2004).

An adaptive outlier detection procedure can be designed with the detection measures IM L and IM B,
as it was done for the Mahalanobis distance by Filzmoser (2004) and Filzmoser, Reimann and Garrett
(2005), in order to take into account the sample size. This procedure can be combined with reweighting
to provide adaptive reweighted type estimators for the common axes.

4 Asymptotic variances for ellipsoidal distributions

_1
In this section, for the sake of simplicity, we will assume that A; *x;; = z; have the same spherical
distribution G for all 1 <4 < k.

We will derive the asymptotic variances of the estimates defined through (5) when the matrices 3
are defined in (10) using as initial estimates the plug—in or the projection pursuit estimates defined
in Boente and Orellana (2001) and in Boente, Pires and Rodrigues (2005), respectively. One of the
main disadvantage of projection—pursuit estimators is their low efficiency. In fact, they provide more
resistant estimators than plug—in methods at the cost of some loss of efficiency. Our procedure overcomes



this problem, since it improves the efficiency of the initial estimates when dealing with projection—
pursuit techniques preserving the robustness of the initial estimates. In other settings, such as regression
models, it is well known that reweighted estimates have the same breakdown point as the initial estimates
considered. The influence functions given in Corollary 3.2 suggest that the same result holds in this
setting. In this Section, the asymptotic variances derived allow to show that the low efficiency of the
initial projection—pursuit estimates can be improved by appropiately choosing the tuning constant of the
weight function.

4.1 Initial Plug—in Estimators

When considering as initial estimates the plug-in estimates defined through an initial scatter matrix V; ,,
Boente, Pires and Rodrigues (2002) have shown that if the influence function IF (x,V; ,, F;) exists and
A11 > ... > Ajyp, then the partial influence functions of the initial plug-in estimators 3,(F'), A;;(F),
1 <7<k,

PIFi(Xa /\I,ijF) = 5&:8 IF (X \Z ,05 )/89 (22)

- )‘Em_)‘fj)2 N T
DT {B IF (x, Vm,F)ﬂm}Bm. (23)

PIF;(x,8, ;, F) = T
Z( IBI’] ) Zm;é] AzmAz] { —1 )\ZmAZj

Moreover, if V;, is an affine equivariant scatter matrix functional, there exists two functions a® and
7 2 [0,00) — IR such that IF (x, V;,, ) = o (d;(x)) xxT — 4@ (d;(x)) =i, where d?(x) = xTZ; 'x.
From now on, we will assume that the initial plug—in estimates are evaluated using affine equivariant
scatter estimates.

It is well known that if the initial estimates of 3J; are asymptotically normally distributed and spher-
ically equivariant, i.e.,

Al. /n; (Vio— %) 2, Z; where vec (Z;) has a multivariate normal distribution with zero mean and

. . D
covariance matrix C; and — stands for weak convergence.

A2. For any G such that GGT = b3 1 the distribution of GZ;G" is invariant under orthogonal
transformations.

then, vec(Z;) ~ N(0,,C;) where
Ci =011 (T+ Kpp) (3 ® 5) + 04,5 vec (5;) vec (%), (24)

with K, the p? x p? block matrix with the (I,m)—block equal to a p x p matrix with a 1 at entry (I,m)
and 0 everywhere else. Under mild regularity conditions, F (IF (%, Vio, Fi) IF (%, V0, FZ)T) = C;. This
entails that

ASVAR (Xw-) = (2051 +0i2)A;, 1<j<p
ASCOV (Xhija Xi,im) = 0'2'72)\”')\”” for m 75 J
-2
n /\zm)2 b (/\2] - )\zm)2 .
Ao (BI’jm) - lz o 1 )‘U)\zm ] [; TZW form 73

10



Standard calculations lead to the asymptotic variances of the reweighted based estimates with initial
plug—in estimates which are stated in the following Theorem.

Theorem 4.1. Let x;1,...,X;p,;, 1 <@ <k, be independent observations from k independent samples

1
with scatter matrix 3; = A; = diag(\i1, ..., \ip) such that A;Exil = z; have the same spherical distri-
bution G for all 1 <1 < k. Assume that A1 > ... > A1p, n; = ;N with 0 < 7; < 1 fixed numbers such
that Zle 7; = 1. Let V;, be robust affine equivariant estimates of the scatter matrices X;, satisfying
A1 and A2, where C; can be written as in (24). Denote by BI and X, the plug—in estimates obtained
from V; , and by B and X the final estimates computed from the reweighted matrix defined in (10) using
BI and A,. Then, we have that

. 2
asvar ()\,-j) = - D2 Eq (7] K}Z% - 1) ) + a2 (@) (20,1 +0i2)+2(p — 1) (G)az(G)o;, 2+
+(p - ag(G) (2011 + (p = 1)a3,5) — 201(G)ein — 2(p — D) (G)ein2 |
5 K 2 L Qi = Ag)
asvar (ﬂjm) = mﬂjm {alg (7]1) + Tjm Lg; TZW (ag(G)O'i71 — 2043(G)di,12)
ascov (@-m, Bjs) =0 for m#£s

where k and aj2(p) are defined in Corollary 3.2, n1(z) = Wi(z,1,1I) and

k Ao — Ao 2
S [Z AL 1
i1 = FE (771 A (/—; z% - 1) IF(Z,V@O,G)H) =F (nl(z) (/{ z% - 1) [a(i) (I1z]]) z% - y(i) (||ZH)D
iz = E(m(z) (k2 = 1) IF(2,Vi0, @) = B (m(2) (w27 — 1) [a® (|12])) 23 — v (|[z])])
dipz = B(m(z)a 2IF(z Vi, Gi2) = E (m(z)a® (|z]) 27 23) -

Note that if the same family of scatter matrices is considered for all populations, then asvar (Bjm) =

Tim K2 D72(G) {a12 (?) + a3(G)o1,1 — 2a3(G)dy 12} which entails that the efficiency of Ejm is given by
k2 D72(G) {ai12 (n}) + A3(G)o1,1 — 2a3(G)d1 12}

4.2 Initial Projection—Pursuit Estimators

We will now consider as initial estimates the projection—pursuit estimates defined in (3) through an
1

univariate scale estimator s. Let Gg be the distribution of z11, where it will be assumed that ZJZ-_ 2% = Z;
have the same spherical distribution G for all 1 < i < k. Boente, Pires and Rodrigues (2002) have shown
that if the function (e,y) — o {(1 — €)Go + €d,} is twice continuously differentiable at (0,y), the partial
influence functions of the eigenvalues and eigenvectors are given by

T
PIFZ'(X, )\I’gj,F) = 2 (5@2‘ )\ij IF < 181 , 0, GO) (25)

i]z
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Tﬁ P 1 T
PIFZ‘(X, ﬂl,j?F) = >‘ DIF — 10, Go Z /83 (X IBS) +

’ij2 s=j+1 Vi—Vs
i 1 x 0B
; \is2 DIF s T3.) , 2
tT 52::1’/1' _Vsﬁs 2 (/\i32 ” GO) (X ﬁ]) 2

where DIF(y, 0, G) denotes the derivative of the influence function of the scale functional o, IF(y, o, G),
with respect to y. The same authors have also shown that the corresponding asymptotic variances are
given by

asvar (A],ij) = )\2 011
~ =~ 1
ascov (/\I,z‘j, /\I,z‘m) = - AijNim 012
(2
k
D Tidij Aim
= =1 .
asvar (ﬁl,jm) 5 V12 for m # 7,
(vj = Vm)

with g11 = 4 asvar (O’, GQ), g12 = 4COVG (IF(Zl,O', GQ),IF(ZQ, g, Go)), V192 = EG {[DIF (21, g, G()) 22]2} and

k
v; = Z Ti)\ij-
1=1

On the other hand, if, in addition, f is twice continuously differentiable and we consider the general
projection—pursuit estimates defined through (4), we have that

T
B,
PIF;(x, Ao, F) = 200 \ij IF( ,a,GO> (27)
" ’ \/A_w
BT
PIFi(XHBI,j?F) = TZB XZ \/ zsf ) DIF (\/)\— yG0> Bs +
Bl x ? T
+ TN f (N )DIF< ,0,G0> —Byx B, (28)
! VAij Sz];rl Vij — Vjs
k
where vj, = an/ (Aij) Ais and vjs # vy for s # j (see, Boente, Pires and Rodrigues, 2005). Thus,
i=1

the partial influence function of the eigenvalues is independent of the score function f. Moreover, the
asymptotic variances of the eigenvectors are given by

/ LF (N 2
ASVAR (Bj) = ZTMZJAZm{ o U Qi)Y | G 17 im)} }U

p)
i=1 (Vij — Vim) (Vmj — Vmm)

Straightforward calculations lead to the asymptotic variances of the proposed estimates with initial
projection—pursuit estimates given in the following Theorem. This result can be applied only when the
initial projection—pursuit functionals are Fisher—consistent. Conditions under which this assumption
holds are given in Boente, Pires and Rodrigues (2005).
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Theorem 4.2. Let X;1,...,Xin,;, 1 <1 <k, be independent observations from k independent samples

with scatter matrix 3; = A; = diag(X\i1, ..., \ip) such that A;%xil = z; have the same spherical dis-
tribution G for all 1 < i < k. Assume that \j1 > ... > Aip, n; = 7,N with 0 < 7; < 1 fixed numbers
such that Z "7 = 1. Let s(-) be a univariate robust scale statistic related to the functional o(F)
and assume that o(Gy) = 1, where Gq is the distribution of z11. Moreover, assume that the function
(e,y) = o {(1 —€)Go + €d, } is twice continuously differentiable at (0,y).

Let k, a1(G), as(Q), as(G) and a12(p) be defined in Corollary 3.2, n1(z) = Wi(z,I,1) and

-1
Tjim = lz Ty )\Z)ri;])\;j]) ]
cen1 = E (771(Z) (/1 2 — 1) IF(z, o, Go))
Con2 = E (771(Z) (/1 z% — 1) IF (2, 0, GO))
da,12 = F (7]1 (Z)Z% ZQDIF(ZQ, g, Go)) .

a) Denote by 3, and X, the projection—pursuit estimates obtained through (3) or (4) and by B and X
the final estimates computed from the reweighted matrix defined in (10) using 3, and A;. Then, we

have that
3 N 2 2 2 2
asvar (/\ij) = DG {EG <771 (z) (/{ zi — 1) ) + af(G)o11 +2(p — Do (G)az(G)o12+

+(p — 1)a3(G) (011 + (p — 1)o12) — 401 (G) o1 — 4(p — 1)a2(G)Co,12}

b) When ,@I and X, are the projection—pursuit estimates obtained from s through (3) and ,@ agd pY

are the final estimates computed from the reweighted matrix defined in (10) using B, and A, if
k

v > > ... > Uy, with vy = Zn/\ij, we have that
i=1

/<;27rm

s () = g f s (1) 205(G s+ (@ g [ 2 |

2
i=1 (’/j — Vm)

¢) When ,@I and X, are the projection—pursuit estimates obtained from s through (4) and ,@ and pY

are the final estimates computed from the reweighted matrix defined in (10) using B, and A, if
k

vjs # vjj for s # j, with vjs = an’ (Xij) Ais, we have that
i=1
~ K2 Tim m>i ! (Nij Om<if (Nim
asvar (ﬁjm) = D2(jC¥) {alg (’I’}%) — 2043 012 [Z Tz 2] zm { V;Ji ]EJmJ) + l/;;{ I(/mm)}
k 2
_ msg U O Y Oy L i)}
+ 03(G) viam;,, [ Ti)\i')\im{ = + .
! ; ! (vjj — ij)2 (Vmj — me)2

Moreover, when G = N(0,,1,), ascov (@-m, Bjs) =0, for m # s, in both cases.
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Note that when w = 1, we get the asymptotic variances of the classical estimates, showing that by
calibrating the tuning constant of the weight function, we can obtain more efficient estimates of the
common directions, as mentioned above and showed in the simulation study discussed in Section 5.

5 Monte Carlo Study

We performed a simulation study in dimension 4 and another one in dimension 2. In both situations, we
evaluated the estimators defined in Section 2 using as initial estimates the projection—pursuit estimators
based on f(t) = In(t) and the plug—in estimates based on the Donoho—-Stahel scatter matrices. We have
also computed the scatter reweighted estimates based on the Mahalanobis distance evaluated with the
Donoho—Stahel scatter matrices and the plug—in estimates derived from them, which will be denoted by
WPI;. For the reweighted estimates based on the Mahalanobis distance, we chose as weight function
Wyip (t)
1 t<apn

2
W (8) = exp [—7(]5 — aum) ] t>apn
20?\/1 -

where a3, = X;,O.% and b3, = X;%,o.g?s) are the percentiles 0.95 and 0.975 of a x? distribution with p degrees
by —am

of freedom, respectively, and cj; =
p+1

For the projection—pursuit estimator, an M —scale estimator with score function x(¢) = min (Z—z, 1) —%
and ¢ = 1.041 was used, while for the reweighted estimates we have considered as weight functions

W ([ML2(Xij7Ba Ki)7IMB2(Xij7Ba Kz)) = min(wIML (Xij) , WimB (Xij))
Wy (IMLz(XijnBa Ki)’IMBz(XijnBa Kz)) = WL (Xij) X Wiyp (Xij) )

where wyy;, and wiyg are defined in (21). In all Tables LPP will denote the projection—pursuit estimates
while, in Tables 2 and 3, W,,LPP and W LPP correspond to the reweighted estimates related to them us-
ing the function w,, and w,, respectively. Similarly, PI;, W, PI; and W_PI; denote the plug-in estimates
obtained using the Donoho—Stahel matrix and the two reweighted estimates related to them, respectively.
As it will be shown for the estimation of the eigenvectors, the results for both weight functions are similar.
Therefore, when reporting all the results in dimension 2 and for the remaining tables in dimension 4, the
notation WLPP and WPI; will be used to indicate the estimators related to w,,.

5.1 Simulation Conditions in Dimension 4

In dimension p = 4, we have considered k = 2 populations with ¥; = diag(16,8,2,1) and 3o =4 ¥;.

In all models, we performed 500 replications generating k£ independent samples of size n; = n = 100.
The eigenvectors were ordered according to a decreasing order of the eigenvalues of the first population
and so, B3; = e;.

The results for normal data sets will be indicated by Cy in the Tables, while C7 and Cs will denote
the following two contaminations.
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e C1: Xi1,...,Xip are iid. (1 — €)N(0,%;) + eN(pu, 3;) with pu = 10es = (0,0,0,10)T. We present
the results for e = 0.10. This case corresponds to contaminating both populations in the direction
of the smallest eigenvalue. The aim is to study changes in the estimation of the principal directions.

.. € € T
o (s X1,...,%Xy, are i.i.d. (1 —€)N(0,%)+ §N(u, 0.01%) + §N(—u, 0.01%) where x; = (xlTj, X2Tj) ,

T 1
Y = diag (31, 3%,), p = (ulT, M;F) and p; = £?1/7ey. We present the results for € = 0.10. This
case corresponds to contaminating both populations in the direction of the smallest eigenvalue with
a mild outlier. The aim is to study changes in the estimation of the principal directions between the
outlier detection measures we propose to use in the reweighting step and the Mahalanobis distance.

For simplicity, we present only the results corresponding to the common eigenvectors and to the
eigenvalues of the first population. The projection—pursuit estimators were computed as in Boente and
Orellana (2001).

Tables 2 and 3 give respectively the means and medians, over the replications, of the square distance
between the j-th estimated and target eigenvector, |3; — Bj\|2. This measure determines the angle 6;
between the j-th estimated and true direction by cos(gj) =1- HB] — B;?/2.

Table 4 gives summary measures for the eigenvalue estimates. Mean values, standard deviations and
Aj
mean square errors of log 5V are reported.
J

5.2 Simulation in Dimension 2

We performed a simulation under the cPC model, in dimension p = 2 with ny = ny = n = 50 and
500 replications, in order to evaluate the behavior of the estimators considered above in more detail.
In dimension 2, it is possible to compute the projection—pursuit estimates without using resampling
techniques by maximizing over 1000 fixed and equally spaced directions. The common direction estimates
were ordered according to decreasing values of the eigenvalues.

To avoid consistency problems with the projection—pursuit estimates, we have considered, as in Ro-
drigues (2003), the covariance matrices 3; = diag(14,4) and 39 = diag(12,2) which have well separated
eigenvalues.

We generated normally and contaminated distributed samples, denoted respectively as Cp, C  and
C5 in Tables 5 to 7. The contaminated samples correspond to

o Uit (X15))<j<p 1-i.d. with distribution (1 —€¢)N(0,%;) + %511 + %(LM where p = (—0.042;4.72)T

and (x2;), j<p i.d. with non—contaminated distribution N (0, Xs).
T
e Co: x1,...,%, are i.i.d. 0.8 N(0,%) + 0.1y + 0.15_y where x; = (x}},xgj) , X = diag (X1, X9),

T 1
n= (ulT, ,u2T) and p; = 37 (0, 2.4)T. Now, both populations are contaminated at the same time.

In this case, also the mean and the median of square distance between || Bl — 34]]? are considerably
different, showing that in some replications large values are obtained, as shown in Table 5. Therefore,
we also report in Table 6 the number of times that the absolute value of the angle between 3, and 3, is
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greater than 45 (Nys), 60 (Ngo) and 80 (Ngg) degrees. Table 7 gives summary measures for the eigenvalue

o~

—]> are reported.

estimates. Mean values, standard deviations and mean square errors of log <
J

5.3 Results
5.3.1 Behavior of the eigenvector estimates

In dimension 4, under normal data, the weighting procedure leads to direction estimates with smaller
median and mean of square distance, when the initial estimate is the projection—pursuit one, see Tables
2 and 3. This reduction is of order 60% for the median square error and 50% for the mean square error.
When the initial estimates are the plug—in ones, the reweighted—based estimates have median square
error of the same order, while mean square errors are now about twice those of the initial estimates and
are quite similar to those of the Mahalanobis reweighted estimates. All the reweighted procedures have
similar mean and median square errors, showing that the reweighting step improves the efficiency of the
projection—pursuit estimators.

Similar results are observed in dimension 2, with respect to the median square error (Table 5), where
the reduction is of order 75% for the projection—pursuit estimates and only a small reduction is obtained
for the plug—in ones. With respect to the mean square error, we observe now a small reduction. Indeed,
the weighted estimates based on the projection—pursuit show their advantage with respect to the two
other competitors with a much smaller mean and median square error.

Under contamination, in dimension 4, the weighting procedure performs better than the initial esti-
mates under C7 which is a contamination with an extreme outlier in the direction of the smaller eigen-
value. All reweighted estimators show median square errors of the same order under C7, while higher
mean square errors are observed for W, ,LPP and W LPP. Under C5, which is a contamination with a
mild outlier, difficult to detect, an improvement is observed in the directions of the two largest eigenvalues
when the initial estimate is the projection—pursuit one, while similar square errors are obtained for the
two smaller ones. The results for the other reweighted procedures are slightly worse than for the plug—in
estimate based on the Donoho-Stahel scatter matrices. This shows that this mild contamination produces
a rotation in the principal axis related to the two smallest eigenvalues, which is worse than the extreme
contamination Cq, even if it does not produce breakdown. Since both weight functions lead to similar
performance, from now on, we only report the results corresponding to w,,.

In dimension 2, the best performance under contamination is attained with the reweighted estimates
based on the projection—pursuit estimators, in all cases, even if some extreme values are obtained, leading
to possible breakdown as shown in Table 6. However, these estimates show mean and median square
errors which are about a half of those obtained by the initial estimates and which are comparable or
smaller than those of the reweighted estimates derived using the Mahalanobis distance as an outlier
detection procedure. Note that under C 92 and C the plug-in estimates, lead to very large angles in
about half of the replications. In this case, the resulting directions will not allow to detect influential
observations explaining the bad performance of the reweighted estimates.

In order to explain the similar behavior of the reweighted estlmates based on the plug in estimators

and of those based on the Mahalanobis distance, denote dy(z Z z; and d4(z Z z;. Then, when
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3. =1, we have

IML? (2, I,I) = dy(z)— 2da(z) + 1

IMB? (z,1,I) = d3(z) — du(z)
Thus, if ar, 1o denotes the percentile 1 —a of IML (z,1,1) and ap -, that of IM B (z,1,I), we have that
IML?(z,1,1) < ail_a and IMB? (z,1,1) < a2B71_a, entailing that d3(z) < a2B,1_a + 2da(z) + ail_a -1
and so do(z) <1+ \/a2B71_a + a%vl_a.

On the other hand, if aps,1—o denotes the percentile 1 — o of the Mahalanobis distance and dx(z
a3y, we have that IMB?(z,L1) < a};,_, and IML? (z,1,1) < d5(z) — 2da(z) + 1 = (da(z) — 1)
max (a%w’l_a -1, 1) using that dy(z) < d3(z). These values are reported in Table 1, when a = 0.05 and
p=24.

Figure 4 illustrates that, in dimension 2, if IML (z,1,I) < ar 95 and IMB (z,1,I) < ap .95 then
dy(z) < a?\/[,o.%. On the other hand, if dy(z) < a?\/j’o.% then IML (z,1,I) < ar0.975. These inequalities
explain the similar behavior observed under the selected contaminations for the reweighted estimators.

)
2

<
<

5.3.2 Behavior of the eigenvalue estimates

With respect to the estimation of the eigenvalues, all estimates present similar biases under normal
data, except LPP which shows a quite smaller one specially for larger eigenvalues. With respect to the
standard deviation, as expected, reweighting improves the efficiency of the projection—pursuit estimates.
All reweighting procedures show similar efficiencies in dimension 4.

In dimension 4, under contamination, the reweighted estimates perform similarly as their initial ones,
for the larger eigenvalues. The same happens in dimension 2, except for the LPP which is better than
WLPP under C5. On the other hand, in p = 4, reweighting improves both bias and standard deviation
for the smaller eigenvalues.

According to the simulation study, the best performance is obtained with the reweighted estimates
based on our outlier detection measures with initial projection—pursuit estimators.

6 Conclusions

We have introduced reweighted—based estimators of the paramters under a CPC model, using the outlier
detection measures defined by Boente, Pires and Rodrigues (2002) and we have obtained their partial
influence functions.

The partial influence functions turn out to be that of the plug—in estimates computed using reweighted
scatter matrices with the true parameters corrected by those of the initial estimates used, when all the
populations have the same elliptical distribution except for changes on the scatter.

The corresponding asymptotic variances were derived heuristically and allow to calibrate the estimates
in order to improve the efficiency of the initial estimates.

Our procedure has performed better under the contaminations considered in the simulation study.
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A Appendix

Note that
& {:E2—1}2 ?
IML(x,1,I) = Z%
Lr=1
_ 1
p 2
IMB(x,I,I) = Zinxi} ,
Lr=1s#r

and that IML(x,3,A) = IML(A~38Tx,1,I) and similarly M B(x,3,A) = IMB(A~28Tx,LI).
Therefore, if x is spherically distributed, we have that E [W7 (x,LI) z,xs] = 0, if r # s.

PRrROOF OF THEOREM 3.1. The proof follows the same steps as those given in the proof of Theorem 1 in
Boente, Pires and Rodrigues (2002).

Let Fiex = (1 —€)F; +€dx and let Fex; = F1 X ... X Fj_1 X Fjex X Fiy1 x ... x Fj. Let Bjei =
Bv,j (Fexi)s Mjei = AW ej (Fexi)s Veei = Vi(Fex,i). Then we have that for 1 </ <k, 1<m,j <p

MNjei = BleiVieiBje (A1)
T i )\Zm,e,i - /\Zj,e,i .
0 = ,Bm,e,i ZTZ—/\ b\ Vi ,Bj,e,i m# j (A.2)
—1 Im,e,i \j €0

Omj = Brmei Bici- (A-3)

Therefore, differentiating (A.3) with respect to €, we get that

PIFi(X7 BV,maF)TBm =0 (A4)
PIFi(X7 BV,maF)TIBj +PIFZ(X7 BV,jaF)Tlgm = 0. (A5)

e Partial influence functions for the eigenvalues.

Differentiating (A.1), we get
PIF;(x, Ave;, F) = 2\;PIFi(x, By ;, F)T B, + B] PIFi(x,V(, F)B;
= IB;FPIFZ(vabF)/B] )
since (A.4) holds and V,8; = 3,8, = A;3;, which entails (17).
e Partial influence functions for the eigenvectors.

It remains to show (18). Differentiating (A.2) leads to

k k
Aem — Moj Aem — Moj
0 = PIF;(x, By, F)" <Z Tﬂixﬂva B;+8r <Z Tﬂi@w> PIF;(x, By ;. F) +

(=1

+87T iTﬁ Atm.ei = Mjei V+§:7MPIF-(XV F)VB. form+#j. (A6)
P 5 Neme i ) leo ¢ 2 v N i(x, Vg, y J. .

18



Using again the fact that 3,8, = A;;3; in (A.6), the orthogonality condition ,Bgﬁj =0 for m # j and
(A.5), we obtain, after some algebra,

-1
PIF )T P Dem = A2 = A — Aam [ .
i(xvﬁv,jv IBm_ Z -\ N ZTZ 7{B] PIFZ (X7V€7F)18m} fOI‘m;éj - O

=t AemAej = Ay

Lemma A.3. Denote by B4,...,8,, Ai1,...,Aip the common eigenvectors and the eigenvalues of 3;.
Let B,(F) and A ;(F) be Fisher—consistent functionals related to the initial estimates of the common
eigenvectors and of the eigenvalues of the i—th population. Assume that the partial influence functions
PIF; (x,8,, F) and PIF; (x, A, ¢, F) exists and satisfy PIF; (x, A, ¢,F) = 0 for ¢ # i. Then, the partial
influence functions of IM L?(x, 8,(F), Ay, ¢(F)) and IM B%(x, 3,(F), A, ¢(F)) defined through (8) and (9),
are given by

P {( rX)2—)\ér} T
PIF, (XO,IMLz(x,ﬁI,ALg),F) =2 (BT )PIF (xo,ﬁw,F) x forl+#i

P {( 3 X) _A”} T
PIF; (xo, IML*(x, 8, Ay i), F) = ) {mir (87x) PIF; (x0,8,,,, F) x—
—(B%)” PIF; (%0, Mir F)]

ZM (PIFZ- (XO,B],wF)TX) (83x) +

p
Zl sET AorAes
+ (PIFZ- (xo,ﬂ,7s,F)Tx> (87x)
PIF; (o, IMB*(x, B, Ay i), F) = 2%2% (PIFZ- (xo,,@,,r,F)Tx) (87x) +
r=1s# ir\is
+ (PI (%08, 0. F Tx)
P Brx
oy (69 )

7“21 8757‘ )\’iT)\iS
+PIF; (X0, Ar,is, F) Air] -

PIF; (xo, IMB(x, 8, Ay0), F) = 2

r=

for £ # i

T

[PIFZ (X07 >\I,i7"7 F) /\is+

PROOF. Let Ficx, = (1 —€)F; + €bx, and let Fox, ; = F1 X ... X Fi_1 X Fjex, X Fijz1 X ... X F.
Let IBj,ez B ]( Fex,i)s Mjei = A ej (Fexoi)s IMBlg,e,i( x) = IMBZ(X Bi((Fexo,i))s Are((Fex, i) and
IML%EZ( X) = IML2(X Bi((Fex,i))s A1 e((Fex,,i))). Then we have that for 1 </ <k

2
IMIZ (x) = %Z &_1
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B = Y ) (ﬂTX)}2

r=1 8757“ AZﬁE,iAZs’Qi

Differentiating with respect to €, we get

{ (5?3’() T )\h}

3
)\ZT’

p
PIF; (xo,IML2(x,ﬂI,Ar,e),F) =

r=1

{2 N (BTX) PIF, (x0.8,,.F) x-

_ (ﬁ;x) 2 PIF; (Xo, )\I,ér, F)}

T T
PIF; (xo, IMB2(x, 8, Ay 0), F) = Z:;z% KPIFZ- (xo,,@M,F)TX) (87x) +

+ (PIF,- (%0, 81,6 F )TX) CRY

) [@?x) ()]

[PIFZ (Xm )\I lrs F) )\Zs + PIFz (Xm )\I lss F) )\ZT]
)\Zr)\ﬁs ’ ’

Using that PIF; (x,, Ay ¢, F) = 0, we conclude the proof. O

PROOF OF THEOREM 3.2. Let Fjcx, = (1 —€)F; +€dx, and let Fex, ;= F1 x ... x Fj_1 x Fj ¢ x, X Fj11 X
... X Fy, and denote V. ; =V, (Fcx, ;). Moreover, for ¢ # i define

( ) EFeqll (X7 IBI(FE,xo,i)7 AI,Z(Fe,xo,i))
Ni,e,i = Ni(Fe,xo,i) = EFi,nyo\Ill (X7 BI(Fe,xo,i)a AI,i(Fe,xo,i))

( ) = Er,Wi(x,8,(Fex,i); A e(Fex,i))

( )

Fe,xo,z
Dz,e,i = Dz Fe,xo,z = EFi,e,xo Wl (X7 IBI(FE,XO,i)7 Al,i(Fe,xo,i)) y
where Wy and ¥, are defined in (11) and (12) respectively. Since Vy; = K; DZ&Z-N&EJ we get
8Vf,e,i o -1 aNZ,e,i ) aDZ,e,i
86 =0 = K DZ (F) 86 =0 — Ry DZ (F) 86 e:ONg(F)
ONy 0Dy ¢ ;
_ -1 l,ei -1 l,ei
= K DZ (F) e =0 ‘DZ (F) e E:OVZ(F) .

We begin by considering the case ¢ # i. Differentiating Ny . ; and D . ; with respect to €, we obtain

aDZ,e,i
Oe  le=0

Ow (IML2 (X7 B](Fs,xo,i)7 AI,Z(Fe,xo,i))7 [MBz(Xa BI(FE,xo,i)7 AI,Z(Fe,xo,i)))
Oe e=0
= B, {wn (IML(x, 8, A0), IMB(x, 8, Ay) ) PIF; (%o, IML2(x, B;, Ay 1), F) +

+wy (IML2(x, B, Ar), IMB*(x, B, Ay) ) PTF; (x,, IMB2(x, B, Ay (), F) }

{ (5?3’() T )\h}

2
)\ZT’

= F,

P
— 23 8TER{ ¢ (x)

r=1

xxT § PIF, (xo, Bir F) T
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PIF: (%, 8, . F) xx"B,+

+2 ZZEFZ{ ¢ M

r=1 sr AorAes

+ PIF; (%08, F)TXXTB’} }

Similarly, we get

{(ﬂrTXf - )\er}

ON €,1 P
al;” =0 2;EFe %’gé)(x) v3 ,BTTXXTPIF,' (xo,,BM,F) xxb % 4
(8 (B o I
12 ZlgE { Wxx {PIFZ- (xo,,@M,F) xxT3, +

}

We consider now the case ¢ = i. Differentiating D; . ; with respect to €, we obtain

0D; ¢ 0
7’7 =0 = De [(1— E)EF W1 (x, By( exo,Z) A i( exo,Z)) + € W1 (%0, By ( exo,z) A i exo,Z))]

= —Di(F) +Wi(x,,8,A;) + EF, {Sﬁy)(x)PIFi (Xm IMLA(x, ,817A1,i)7F)} +
+Er, {98 (X)PIF; (x,, IMB(x, B, Ay ), F) }
= —Di(F) + Wi(x0, 8,A;) +
S () {(B’TX)Q B A}

+3 Br L o)) (x) 3 12 B xx"PIF; (x,, 8, . F)

r=1

+PIF; (x,,8,, F) xx"8,

which entails the desired result.

e=0

—(87%)" PIF: (0. Arir, F }}Jr

ESIPMNC I

r=1 s#r

PIF: (%, 8, F) xx"B,+

£ PIF; (x,,8,, F) xx",

(57%) (59|
B VS [PIF; (X0, At ir, F') Nis + PIF; (X0, At iss F') Air]

aNZ,e i

In an analogous way we can derive —5=* , which concludes the proof. [

_1
PROOF OF COROLLARY 3.2. When F; are ellipsoidal distributions and 8 = I,,, i.e., A, *x;; is spherically
distributed, for 1 < i < k, using that ﬁ,TPIFi (y,,@lﬂ,,F) =0, we get that

BTEF{ ()[(BT) - }XXT}PIFi(y,BLT,F) ~ 0
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BT Bx {0 (81x)°

JPIF, (v.6,,.)
BTEFl{% ( )( )xxT}PIFi(y,BW,F) = 0 for s#r
JPIE (v, 1)

B, EFZ{ (Z)(x)( ;X ) ( )(,BSTX) xT = 0 for s#r
BTEs {4 (x) B
81 B {0 [(87x) (B5%)"xx"} B, = 0 for jAm.

Thus, for ¢ # i, A; 4(y,F) =0 and

=0 for j#m

1 i
Aiily.F) = =Di(F)+ Wiy, 8,4) = 3 55 Er {01 (%) |27 = Nie] 2| PIF; (v, Min, F) -
r=1 "Yr
P (%) Ty Ts 2
= 2 Er {60 |5 PTG (5 i ) A PIF (3, F) A
r=1 8757‘ wrMSs

On the other hand, since N;(F');,, = 0 for j # m, we have
BIYiily, F)B; = (Wi(y,B8,Ai) — Ni(F)),;; +

=3 7B {el () [22 = | a2} PIF (v A, F) —

P i Ty Tg 2
- ZZEFZ.{@% )[ |2 LI (v i F) N+ IS (3 00, F) ]

i
+2 Z _EFl{Spl [

r=jm ir

. 2
+4 5 S B, {soé”(x) L (PIFZ- (y,BI,T,F)Tx)}

r=j,m s#r

)\ir} Ty Tj Ty (PIF,- (y,ﬁw, F)T x) } +

BIY, Wy, F)B, =2 A2 { O x) 22 = Mo | 0 35 2 (PIF,- (y,ﬂI’NF)TX)}-i-

r=j,m

2
+4 Z ZEFZ {(102 AT‘)\ZS jfEm <PIFZ (YHBI,T’)F)TX)} .

r=j,m s#r

Then, using that x; D; ' (F)N;(F) = V;(F) = %;, we get easily
PIF;(y, A\v, ¢, F) = 0 for £#i
PIFi(y, v, i, F) = D;'(F)ri (W1(y, B, A2));; — Dy H(F)Wily, B, As))
p
1
Z /\—3 { X) [Z’g - )\“n} .Z'% [K}Z’ Z’? - )\2]} } PIFZ (y, )‘I,im F) -

mr

<

=1
P Ty Tg 2 2

F) > Y Er ¢y (x) i = | IPTFS (y A, F) i+

=1 sr )\ir)\is

+PIF; (v, A iss F) Air]
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[N

In particular, if A, 2x;; = z; has the same spherical distribution G for all 1 < i < k, straightforward

calculations lead to the given expression of PIF;(x, Av, ¢;, F'). Moreover, using that PIF; (y, B ;s F) =
’ J

~ PIF; (y, 8, ]F)m we get

BTy, F)Br = W1(y,B,Ai)jm + as(G) [Aim PIF; (v,8,;:F) + X PIF; (¥, 8, - F)j]
= iy, 8, Ai)jm + a3(G) (\im — Aig) PIF; (v, 8, ;. F)

BT iy, F)B, = a3(Q) [)\gm PIF; (8,5 F) + M PIF: (.8, m; F)J]
= a3(G) (\im — Aj) PIF: (v,8, ;. F)

which entails (20). [
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p| ar.  ap aum |1+ 4/a% +a?|max (a3, — 1,1)| ai,

2|2.927 3.088 2.448 0.2548 4.991 35.898
413.957 6.809 3.080 8.8753 8.488 90.017

Table 1: Percentiles 0.95 of the Mahalanobis distance and of the outlier detection measures IML (z,I,I) and
IMB (z,1,1I) and bounds giving the relation between them.
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A Lpp PpPL, |W,LPP W,LPP|W,PI; W,PI,| WPI,
16{Co[0.0319 0.0063| 0.0096 0.0096 | 0.0078 0.0080{0.0078
C1(0.0460 0.0072( 0.0090 0.0090 | 0.0078 0.0080{0.0080
C2(0.0432 0.0078| 0.0109 0.0110 | 0.0089 0.0090{0.0083
8 |C|0.0429 0.0089( 0.0126 0.0130 |0.0114 0.0114{0.0113
C1(0.0955 0.0103| 0.0132 0.0134 | 0.0119 0.0118]0.0121
C2(0.1110 0.0113| 0.0164 0.0164 | 0.0141 0.0142|0.0134
2 [C(|0.0447 0.0099| 0.0126 0.0126 | 0.0130 0.0130{0.0120
C1(0.3377 0.8805( 0.0170 0.0168 | 0.0152 0.0150(0.0144
C2(0.5463 0.4156| 0.5448 0.5566 | 0.8752 0.8752|0.6466
1|Cp|0.0329 0.0073| 0.0095 0.0096 | 0.0093 0.0094|0.0086
C1(0.3498 0.8842( 0.0139 0.0140 | 0.0126 0.0124{0.0116
C2(0.5467 0.4141| 0.5441 0.5532 | 0.8742 0.8742|0.6468

Table 2: Median of the square distance between the estimated common principal directions and the true
principal axes related to the eigenvalue A, under a proportional model in dimension 4.

A Lpp PpPL, |W,LPP W,LPP|W,PI; W,PI,| WPI,
16|C[0.0609 0.0130( 0.0299 0.0298 | 0.0278 0.0278|0.0216
C1(0.0874 0.0133| 0.0313 0.0314 | 0.0240 0.0280{0.0235
C2(0.0930 0.0204| 0.0510 0.0512 | 0.0338 0.0340|0.0266
8 |Cp|0.0683 0.0151| 0.0325 0.0326 | 0.0304 0.0304|0.0242
C1(0.1426 0.0163| 0.0381 0.0382 | 0.0270 0.0310|0.0264
C2(0.1710 0.0234| 0.0556 0.0558 | 0.0377 0.0378{0.0303
2 [C(|0.0798 0.0156| 0.0217 0.0218 | 0.0236 0.0236(0.0196
C1(0.5667 0.9106| 0.0638 0.0640 | 0.0398 0.0428{0.0392
C2|0.7188 0.7380| 0.7642 0.7688 | 0.8959 0.8978|0.8115
1|Cp|0.0702 0.0137| 0.0190 0.0192 | 0.0212 0.0212]0.0173
C1(0.5787 0.9103| 0.0624 0.0626 | 0.0373 0.0404|0.0369
C2(0.7089 0.7367| 0.7622 0.7670 | 0.8941 0.8960|0.8098

Table 3: Mean of the square distance between the estimated common principal directions and the true
principal axes related to the eigenvalue A, under a proportional model in dimension 4.
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Ay =16

LpP PI, |LPP PIL LPP PIL, (WLPP WPI, WPI, (WLPP WPI;, WPI, WLPP WPI;, WPI,
Co C1 Cz C() Cl C2
Mean|0.0020 -0.0618|0.0259 -0.0473|-0.2567 -0.2037|-0.0607 -0.0529 -0.0486|-0.0312 -0.0258 -0.0214/-0.2377 -0.1978 -0.1840

SD
MSE

0.1961 0.1585
0.0385 0.0289

0.1900 0.1618
0.0368 0.0284

0.2320 0.1784
0.1198 0.0734

0.1785 0.1750 0.1699

0.0356 0.0334 0.0312

0.1783 0.1799 0.1720
0.0327 0.0330 0.0301

0.2139 0.1982 0.1918
0.1024 0.0785 0.0707

A3 =8

LPP PI

LPP PI

LPP

PIy

WLPP WPI; WPI,

WLPP WPI; WPI;

WLPP WPI; WPI,

Co

Ci

C:

Co

C1

C:

0.0174 -0.0595
0.2024 0.1516
0.0413 0.0265

Mean
SD
MSE

0.0955 -0.0491
0.1934 0.1597
0.0465 0.0279

-0.2178 -0.2087|
0.2172 0.1800
0.0947 0.0760

-0.0442 -0.0504 -0.0475
0.1720 0.1726 0.1693

0.1725 0.1813 0.1739

0.0316 0.0323 0.0309

0.0300 0.0338 0.0310

-0.0164 -0.0300 -0.0273

-0.2202-0.2043 -0.1916
0.2056 0.2030 0.1982
0.0908 0.0830 0.0761

A2 =2

LPP PIL

LPP PI

LPP PIL

WLPP WPI, WPIL

WLPP WPI;

WPI,

WLPP WPIL: WPI

Co

Cy

C:

Co

Cy

C:

0.0633 -0.0574
0.1955 0.1514
0.0423 0.0262

Mean
SD
MSE

0.4267 0.1256
0.
0.

2854 0.2109
2639 0.0603

0.2753 -0.0939
0.2535 0.1256
0.1402 0.0246

-0.0321 -0.0494 -0.0432
0.1721 0.1714 0.1679
0.0306 0.0318 0.0301

0.0236 -0.0261 -0.0198
0.1794 0.1765 0.1695
0.0327 0.0318 0.0291

-0.0271-0.0518 -0.0621
0.1320 0.1351 0.1324
0.0182 0.0209 0.0214

A1 =1

LPP PIL

LPP PIL

LPP PIL

WLPP WPI; WPI

WLPP WPI; WPI,

WLPP WPI; WPI,

Co

C1

C:

Co

C

C:

0.0465 -0.0831
0.2208 0.1633
0.0509 0.0336

Mean
SD
MSE

0.6657 0.5190
0.2862 0.1750
0.5260 0.3005

0.5558 0.3428
0.2369 0.1377
0.3656 0.1367

0.1802 0.1778 0.1771
0.0358 0.0382 0.0366

-0.0576 -0.0812 -0.0724

0.0210 0.0145 -0.0040
0.1900 0.1775 0.1732
0.0365 0.0317 0.0300

0.4061 0.3660 0.3686
0.1464 0.1567 0.1408
0.1867 0.1587 0.1559

Table 4: Estimation of log <§) of 31, under a proportional model in dimension 4.
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Median Mean Median Mean
LPP PI LPP PI WLPP WPIy WPI, WLPP WPI WPI,
Co 0.0080 0.0032 0.0221 0.0105 0.0023  0.0030 0.0028 0.0046  0.0072 0.0065
C1i,0.1  0.0644 0.0040 0.1755 0.1810 0.0027 0.0042 0.0038 0.0516  0.1982  0.1920
Ci,0.2 03371 0.0372 0.4731 0.8984 0.0049 0.0676  0.0241 0.3380 0.9163 0.8633
C- 0.6797  0.2594 0.6589  0.8626 0.0135 0.3416 0.1263 0.3489 0.8541 0.8081
Table 5: Median and mean of ||3; — 3|2, in dimension 2.
LpPP PI, | LPP PI, | WLPP WPI;, WPIL, | WLPP WPI; WPl
Co Ci01 Co Ci01
Nys 1 1 38 47 0 0 0 12 52 50
Nego 1 1 18 47 0 0 0 12 52 50
Ngo 0 1 2 44 0 0 0 12 45 46
Ci0.2 C, Ci0.2 C,
Nys 178 239 336 241 88 245 230 99 245 232
Neo 53 239 31 234 88 245 230 94 234 218
Ngo 1 230 0 183 88 231 220 62 168 159

Table 6: Estimation of the common principal directions. N, denotes the number of times that the absolute
value of the angle between e; and the estimated first principal direction is greater than « degrees, in
dimension 2.

Estimates of A\ = 14

LPP PI4 LPP PI, | WLPP WPl WPI:| WLPP WPI; WPI,
Co Ci1,0.1 Co Ci,0.1
Mean [-0.0260 -0.1462|-0.1704 -0.2634 | 0.0426 -0.1093 -0.1056 [-0.0850 -0.2232 -0.2305
SD | 0.2750 0.2654 | 0.2387 0.2800| 0.2363 0.2695 0.2583 | 0.2431 0.2738 0.2694
MSE | 0.0763 0.0919| 0.0861 0.1479| 0.0576 0.0846 0.0778| 0.0663 0.1249 0.1258
Ci,0.2 C> Ci,0.2 C>
Mean [-0.1198 -0.3072|-0.0028 -0.2891 [-0.1506 -0.2829 -0.3030 [-0.1235 -0.2608 -0.2833
SD | 0.1803 0.2408| 0.1722 0.2417| 0.1972 0.1920 0.1952| 0.2021 0.1903 0.1926
MSE | 0.0469 0.1526 | 0.0296 0.1422| 0.0616 0.1171 0.1301| 0.0561 0.1044 0.1175
Estimates of A = 4
LPP PI,| LPP PI, | WLPP WPI;, WPL|WLPP WPI; WPI,
Co Ci,0.1 Co Ci,0.1
Mean | 0.0011 -0.1213{0.3963 0.2512 | 0.0515 -0.0911 -0.0911| 0.4737 0.3722 0.3730
SD [0.2946 0.2701|0.3566 0.2844 | 0.2385 0.2788 0.2692| 0.2371 0.3096 0.2766
MSE [0.0868 0.0877 [0.2845 0.1441| 0.0596 0.0860 0.0808| 0.2811 0.2347 0.2159
Ci,0.2 C> Ci,0.2 C>
Mean | 0.8303 0.4110(0.9454 0.3963 | 0.7439 0.5228 0.5178| 0.7451 0.5119 0.5152
SD |0.3070 0.3481(0.2589 0.3500| 0.1682 0.3562 0.3336| 0.1698 0.3649 0.3390
MSE [0.7850 0.2905 [0.9626 0.2799 | 0.5828 0.4008 0.3800| 0.5850 0.3958 0.3809

Table 7: Estimation of log (%) of 31, in dimension 2.
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Figure 3: Weight Function used to compute the partial influence functions

X2

Figure 4: Detection regions obtained with Mahalanobis distance (ellipse), IM Ly (closed curves) and IM B; (open
curves). The 95% detection limits are the solid curves and the 97.5% detection limits are the dashed curves
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