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Abstract

In many situations, when dealing with several populations with different covariance
operators, equality of the operators is assumed. Usually, if this assumption does not
hold, one estimates the covariance operator of each group separately, which leads to
a large number of parameters. As in the multivariate setting, this is not satisfactory
since the covariance operators may exhibit some common structure. In this paper, we
discuss the extension to the functional setting of common principal component model
that has been widely studied when dealing with multivariate observations. Moreover,
we also consider a proportional model in which the covariance operators are assumed to
be equal up to a multiplicative constant. For both models, we present estimators of the
unknown parameters and we obtain their asymptotic distribution. A test for equality
against proportionality is also considered.
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1 Introduction

Functional data analysis is an emerging field in statistics that has received considerable
attention during the last decade due to its applications to many biological problems. It
provides modern data analytical tools for data that are recoded as images or as a continuous
phenomenon over a period of time. Because of the intrinsic nature of these data, they can
be viewed as realizations of random functions Xi(¢),..., X, (¢t) often assumed to be in
L?(Z), with T a real interval or a finite dimensional Euclidean set. In this context, principal
components analysis offers an effective way for dimension reduction and it has been extended
from the traditional multivariate setting to accommodate functional data. In the functional
data analysis literature, it is usually referred to as functional principal component analysis
(FPcA). Since the pioneer work by Rao [16], further analysis on functional data has been
developed, for instance, by Rice and Silverman [17] or Ramsay and Dalzell [13]. See also,
Ramsay and Silverman [14], Ramsay and Silverman [15], Ferraty and Vieu [6]. In particular,
functional principal component analysis was studied by Dauxois, Pousse and Romain [5],
Besse and Ramsay [2], Pezzulli and Silverman [12], Silverman [18] and Cardot [4]. Several
examples and applications can be found in these references.

Let us consider a random function X (t) where t € Z = [0, 1] with mean pu(t) = E(X(t))
and covariance operator I'. Let v(s,t) = cov(X(s), X(t)), s,t € Z. Under general condi-
tions, the covariance function may be expressed as

V(s t) =Y Nighi(s)i(t)

i>1

where the \; are the ordered eigenvalues, A\ > A2 > ... > 0 of the covariance operator and
the functions ¢; the associated orthonormal eigenfunctions with the usual inner product
in L?[0,1]. Then, the spectral decomposition of the covariance operator, which is the
analogous of a covariance matrix in a function space, allows to get a small dimension
space which exhibits the main modes of variation of the data. Effectively, the well-known
Karhunen—-Loéve expansion allows to write the process as

X =pu+ > Bo

J=1

where (X — p1, ¢;) = (B; are random scalar loadings such that E(3;) = 0, E(ﬁf) = )\, and
E(B; Br) = 0 for j # k. Note that the process can also be written as

X1
X =p+ 3N i
j=1

with f; random variables such that E(f;) = 0, E(ff) =1, E(f; fs) = 0 for j # s. This
representation provides a nice interpretation of the principal component analysis in the
functional setting, since ¢1(t), ¢2(t),... represent the major modes of variation of X (t)
over t.



In this paper, we go further since we generalize the previous ideas to the setting in
which we are dealing with several populations. In many situations, we have independent
observations X; 1(t),- -, Xj n,(t) from k independent samples of smooth random functions
in L2[0,1] with mean y; and different covariance operators I';. However, as it is the case in
the finite-dimensional setting, the covariance operators may exhibit some common structure
and it is sensible to take it into account when estimating them. A simple generalization
of equal covariance operators consists of assuming their proportionality, i.e., I'; = p;IT'1, for
1<i¢<kandp =1

The common principal components model, introduced by Flury [7] for p—th dimensional
data, generalizes proportionality of the covariance matrices by allowing the matrices to have
different eigenvalues but identical eigenvectors, that is, ¥; = BA;3T, 1 < i < k, where the
A; are diagonal matrices and 3 is the orthogonal matrix of the common eigenvectors.
This model can be viewed as a generalization of principal components to k& groups, since
the principal transformation is identical in all populations considered while the variances
associated with them vary among groups. In biometric applications, principal components
are frequently interpreted as independent factors determining the growth, size or shape of
an organism. It seems therefore reasonable to consider a model in which the same factors
arise in different, but related species. The common principal components model clearly
serves this purpose.

A natural extension to the functional setting of the common principal components model
introduced by Flury [7] is to assume that the covariance operators I'; have common eigen-
functions ¢;(t) but different eigenvalues A;;. In this sense, the processes X; 1(t), 1 <i <k
can be written as

O 1
Xig =pmi+ Y A2 fij 0
j=1

with A\j;1 > A2 > ... > 0 and f;; random variables such that E(f;;) = 0, E( fj) =1,
E(fij fis) = 0 for j # s and so, the common eigenfunctions, as in the one-population
setting, exhibit the same major modes of variation. We will denote this model the func-
tional common principal component (FCPC) model. As in principal component analysis,
the FCPC model could be used to reduce the dimensionality of the data, retaining as much
as possible of the variability present in each of the populations. Besides, this model pro-
vides a framework for analyzing different population data that share their main modes of
variation ¢q, ¢9,.... It is worth noticing that when considering a fulllctional proportional
model, X;1(t), 1 < i < k can be written as X;1 = p; + pi X521 A7 fij ¢, with p1 = 1,
Al > Ay > ... >0 and f;; are random variables as described above. A similar problem
was recently studied by Benko, Hérdle and Kneip [1] who considered the case of k = 2
populations and provide tests for equality of means and equality of a fixed number of eigen-
functions.

The aim of this paper is to provide estimators of the common eigenfunctions under a
FCPC model and to study their asymptotic behavior, as well as to consider estimators of the
proportionality constants under a functional proportional model. In Section 2, we introduce
the notation that will be used in the paper while in Section 3, we describe the estimators



for the restricted models. Under a FCPC, two families of estimators for the common eigen-
functions are considered. Besides, the proportionality constant estimators defined under
a functional proportional model allow to construct an asymptotic test to decide between
equality against proportionality of the covariance operators which corresponds to the first
two hierarchical levels considered in the finite-dimensional case, by Flury [9]. The asymp-
totic distribution of the given proposals is stated in Section 4. Proofs are given in the
Appendix.

2 Notation and Preliminaries

Let X;1(t), -+, Xin,(t), 1 <i <k, beindependent observations from k independent samples
of smooth random functions in L?(Z), where Z C IR is a finite interval, with mean ;.
Without loss of generality, from now on, we will assume that Z = [0, 1]. Denote by v; and T';
the covariance function and operator, respectively, related to each population. To be more
precise, we are assuming that {X; 1(¢) : t € I} are k stochastic processes defined in (2, A, P)
with continuous trajectories, mean p; and finite second moment, i.e., E(X;1(t)) = pi(t)
and E (Xi%l(t)) < oo for t € Z. Each covariance function v;(t,s) = cov(X;1(s), X;1(t)),
s,t € T has an associated linear operator T; : L2[0,1] — L2[0,1] defined as (T;u) (t) =
fol vi(t, s)u(s)ds, for all v € L?[0,1]. As in the case of one population, throughout this
paper, we will assume that the covariance operators satisfy ||y;]|* = fol fol V2 (t, s)dtds < oo.
The Cauchy-Schwartz inequality implies that |T;ul> < ||v;|?|u|?, where |u| stands for the
usual norm in the space L?[0,1].Therefore, T'; is a self-adjoint continuous linear operator.
Moreover, I'; is a Hilbert-Schmidt operator. F will stand for the Hilbert space of such
operators with inner product defined by (I'1,T'2)r = trace(I'1T'2) = 3272 (T1uy, Tauy),
where {u; : j > 1} is any orthonormal basis of L?[0,1] and (u,v) denotes the usual inner
product in L?[0,1]. Choosing a basis {¢;; : j > 1} of eigenfunctions of T'; we have that
ITill% = 32521 A% = |lll®> < oo, where {\jj : j > 1} are the eigenvalues of T';. Note that
under the FCPC model, the basis is the same for all populations.

As mentioned in the Introduction, when dealing with one population, non—smooth es-
timators of the eigenfunctions and eigenvalues of I' were considered by Dauxois, Pousse
and Romain [5], in a natural way through the empirical covariance operator. More pre-
cisely, the non— smooth estimators of the population functional prmmpal component ¢y
are the elgenfunctlon qbk related to the k—th largest eigenvalue /\k of the random op-
erator I';, where I‘n is the linear operator related to the empirical covariance function
An(t,s) = 37 (Xj(t) —Y(t)) (Xj(s) —7(8)) /n. Smooth versions of the previous es-
timates have been defined adding a penalty term or using a kernel approach. Smooth
estimators of the covariance operators are useful when dealing with sparse data or when
one wants to guarantee smoothness of the resulting common principal components. When
dealing with one population, Ramsay and Silverman [15] argue for smoothness properties
of the principal components as “for many data sets, PCA of functional data is more re-
vealing if some type of smoothness is required to the principal components themselves”.
The same ideas apply when dealing with several populations sharing their eigenfunctions.



One way to perform smooth principal component analysis is through roughness penalties
on the sample variance or on the L?—norm, as defined by Rice and Silverman [17] and by
Silverman [18], respectively, where consistency results were obtained. A different approach
is a kernel-based one which corresponds to smooth the functional data and then perform
PCA on the smoothed trajectories. In Boente and Fraiman [3] it is shown that the degree
of regularity of kernel-based principal components is given by that of the kernel function
used. See also Ramsay and Dalzell [13], Ramsay and Silverman [15] and Ferraty and Vieu
[6]. Under a FCPC model, the kernel smoothing procedure becomes easier to implement and
allows to derive the properties of the resulting estimators from those of the estimators of
the covariance operator.

We will give two proposals to estimate the common eigenfunctions under a FCPC model.
Both of them are based on estimators of the covariance operators. As mentioned above,
for each population, one can consider either the non—smooth estimators studied in Dauxois,
Pousse and Romain [5] or the kernel proposal studied in Boente and Fraiman [3], since
under mild conditions they both have the same asymptotic distribution. For the sake of
completeness, we briefly remind their definition in the actual setting.

The empirical covariance functions 7; g or the smoothed version of them 7; g(t,s) are
defined as

Gin(s,t) = > (Xis(9) — Xuls)) (Xes(6) — Xol0) (21)
=1

Buslsd) = 3 (X Ko@) (Xua® - Xon) . @2)
=1

where X; j (t) = [ Kp(t—s)X; ;(s)ds are the smoothed trajectories and K (.) = h™'K(./h)
is a nonnegative kernel function with smoothing parameter h, such that [ K(u)du = 1
and [ K 2(u)du < o00. The linear operators related to 4; g and 7;s will be denoted by
f‘i,R and by IA‘LS, respectively. Methods for selecting the smoothing parameter h can be
developed using cross—validation methods as it was described for penalizing methods in
Section 7.5 in Ramsay and Silverman [15] but adapted to the problem of estimating the
common directions, i.e., when considering the cross validation loss, the :—th sample should

be centered with an estimator of ;.

Assume n; = ;N with 0 < 7 < 1 fixed numbers such that Zle 7, = 1 and where
N = Y% n; denotes the total number of observations in the sample. Define the weighted
covariance function as v = 2% | 7;7; and its related operator as T' = >°¥_| ;T";. Therefore,
estimators of the weighted covariance function v can be defined as Agr = Zle TiYir and
f‘R = Zle TZ-IA‘@R or g = Zle Ti%i,s and f‘s = Zle Tif‘i,s, the raw or smoothed estimators
of v and T, respectively. It is worth noticing that our results do not make use of the
explicit expression of the covariance operators, but they only require their consistency and
asymptotic normality.



3 The proposals

3.1 Estimators of the common eigenfunctions and their size under a
FCPC model

Let us assume that the FCPC model hold, i.e., that the covariance operators I'; have common
eigenfunctions ¢;(t) but possible different eigenvalues A;; where \;; denotes the eigenvalue
related to the eigenfunction ¢;, ie., Xij = (¢;,Ti¢;). Moreover, we will assume that the
eigenvalues preserve the order among populations, i.e., throughout this paper we will assume
that

AL Mip 2 X222 Xip 2 Ajpg1 -+, for 1 <o < k

A2. There exists £ such that for any 1 < j </, there exists 1 < ¢ < k such that A\;; > A j41.

Assumption A2 is weaker than assuming that for any j7 > 1, there exists 1 < 7 < k such that
Aij > A j41 since it allows for finite rank operators. Note that if Zle TiNij > Zle TiNi j+1
for any j > 1, then A2 is fulfilled for any value £.

As mentioned in Section 2, we will assume that n; = ;N with 0 < 7; < 1 fixed numbers
such that Y% 7, =1 and N = Y8 n,.

The first proposal is based on the fact that under the FCPC model, the common eigen-
functions {¢; : j > 1} are also a basis of eigenfunctions for the operator I' = Zle Ty,
with eigenvalues given by

k

k k
vi=) Tidin 2 20y =) Tidip 2 Vpp1 = ) Tidipr1
i=1

i=1 i=1

Note that A1 and A2 entail that the first £ eigenfunctions will be related to the ¢ largest
eigenvalues of the operator I', having multiplicity one and being strictly positive. A first
attempt to estimate the common eigenfunctions consists in considering the eigenfunctions
QSJ related to the largest eigenvalues V; of a consistent estimator T of T, obtained as T =
Zf 1731" where T'; denotes any estimator of the i—th covariance operator. Examples
of such estimators are, for instance, the empirical covariance functions or the smoothed
version of them described in Section 2. The eigenvalue estimators can then be defined as

2] - <¢J7 Z¢j>

The second proposal tries to improve the efficiency of the previous one for gaussian
processes. To that purpose, we will have in mind that, in the finite-dimensional case, the
maximum likelihood estimators of the common directions for normal data solve a system of
equations involving both the eigenvalue and eigenvector estimators (see Flury, [7]). To be
more precise, let Y;1,...,Y;,,, 1 <7 <k bek independent samples of normally distributed
random vectors in IRP with covariance matrices 3; satisfying a ¢CPC model, i.e., such that
¥, = BA;BY, 1 < i < k. Then, the maximum likelihood estimators, B, of 3 solve the



system of equations

)\78@] Bj =0 for m # j (3.1)
AT ~

. — — \T
where S; = Z;”zl (Yi,j - Ym-) (Yi,j - Ym-) /n; is the sample covariance matrix of the
~ ~T _ ~
1—th population and \;;,, = 3,,S:0,,

Using consistent estimators of the eigenvalues, we generalize this system to the infinite—
dimensional case. Effectively, let )\;; be initial estimators of the eigenvalues and I'; any
consistent estimator of the covariance operator of the i—th population. Define for j < ¢
and m < £,

Xij — Aim

Zn Aij = Aim (3.2)
zm)\m

which will be asymptotically well defined under A2 if in addition A\;; > 0 for 1 <i < k. Let

us consider the solution ¢; of the system of equations

{ 5mj = @{mvﬂg\ﬁ (3.3)

~

0= <¢marmj¢j> I<j<m.

The FCcPC method can be viewed as a simultaneous rotation of the axes yielding variables
that are as uncorrelated as possible over the k groups. Moreover, as in the finite—dimensional
setting (3. 3) can be viewed as a generalized system of characteristic equations. If all the
operators I‘m] were identical to say I‘ then the characteristic eigenfunctions of T will be a
solution of (3.3). It is well known that for finite-dimensional normal populations with covari-
ance matrices satisfying a ¢PC model, the solution of (3.1), being the maximum likelihood
estimators, will provide efficient estimators of the common directions. This suggests that
solving (3.3) will improve the asymptotic variance of the eigenfunctions of T for gaussian
processes.

To summarize, the two proposals to estimate the common principal eigenfunctions and
the eigenvalues of each population can be described as follows. Let I'; be a consistent
estimator of the covariance operator of the i—th population

e Proposal 1. Define the pooled operator as r = ZZ 1 .1 Then, the estimators of
the common eigenfunction ¢; can be defined as the eigenfunction (b] related to the
j—th largest eigenvalue of T Besides, the estimator of the j—th eigenvalue of the
i—th population, A;;, is defined as Xij = @j, fZ$]>

e Proposal 2. Given initial consistent estimators of the eigenvalues Xij define f‘mj as in
(3.2). Then, the solution {¢;};>1 of the system (3.3) will provide estimators of the
common eigenfunctions.



3.2 Computational methods for FCPC

To compute the family of estimators defined in (3.3), we can proceed as follows. Let {cs}s>1
be any orthonormal basis of L%[0,1], p = px an increasing sequence of integers such that
py < N and define Y; ;s = (o, X;5), for 1 < s < p. When oy = ¢, the covariance
matrices, 2;, of Y;1 = (Yi11,... ,YZ-,LP)T satisfy a cPC model since they are diagonal.
However, since the eigenfunctions are our target, we have to consider a known orthonormal
basis of L2[0,1], such as the Fourier basis. In this case, ¥; can be approximated (through
an order p truncation) by symmetric and non—negative definite commutable matrices with
common eigenvectors 3, = ({a1,95), ..., <ozp,¢j>)T. In order to obtain a solution QASj of

(3.3), we will use the solution Bj = (le, e ,ij)T of (3.1) where the matrices S; are such

that the (m,s)—component of S; equals (am,f‘iozs>. Therefore, for 1 < j < p, a solution
<$j of (3.3) that provides estimators of the common eigenfunctions can be computed as
<$j =P, Bjsas. It is worth noticing that this is equivalent to solving (3.3) with the
truncated finite expansion (of order p) of <$J = Y e>1{as, $]>a5 Note that considering as
S; the sample covariance matrix of the i—th finite-dimensional observations {Y; ]}1<]<nl
corresponds to the sample covariance operator I‘Z Rr- On the other hand, using as I‘ the
smoothed covariance estimators, I‘,vs, to construct S; is equivalent to define Y; ; through
the smoothed trajectories X; ; 5 in the above description.

The approach of basis expansion of the functional data to obtain the principal compo-
nents in a one-sample setting is discussed in Ramsay and Silverman [15] where they argue
that the number p of basis functions depends on the sample size N and on the number of
sampling points if the whole curve is not observed, on the level of smoothing imposed by
using py < N and on how efficient the basis reproduces the behavior of the data, among
others. Moreover, they recommend to use a basis expansion of order p only to calculate
more than a fairly small proportion of p eigenfunctions. A cross—validation method can
be developed in our setting by choosing first the number k of principal components to be
estimated. The procedure can be described as follows

e As in Ramsay and Silverman [15], we first center the data, i.e., we define )Z'w =
X, ; — i; where ji; denotes any estimator of the mean of the i—th population as the
sample mean, for instance.

e For a fixed number of basis functions &£ < p < N, let qup ) 1 < m <k, be the
estimators of the common directions computed without the j— th observation of the
i—th sample.

e Define le] (p)=X;;—m (X'm-, H,(g_(i’j))(p)) where 7(X,H) denotes the projection of
X over the closed subspace H and H,g_(l’j))(p) stands for the linear space spanned by

$§;("’j)), .. ,(E,g;(i’j)). Note that in our situation, we have that <$S, $J> = Jgj.

e Minimize the cross-validation scores CVi(p) = Y5, PO HXZLJ (»)|*



If smoothed trajectories are considered, the minimization procedure involve both parameters
p and h and it can be performed similarly to the proposals given by He, Miiller and Wang
[10] in functional canonical correlation analysis or by Kayano and Konishi [11] in functional
principal component analysis. The advantage of this selection procedure is that is fully data
driven. However, as it is well known in the one population setting, cross—validation may
lead to unstable results and it is computationally expensive. Therefore, more research is
needed in this direction in order to obtain more stable and faster data—driven procedures.

3.3 Estimators of the proportionality constants under a proportional
model

Under a proportionality model T; = p;T'y, 2 < i < k, py = 1 and so, ||T;||% = > 521 /\22]- =
p?||T1||%. Therefore, if |T'1||% # 0, we can define estimators of the proportionality constants
pPi as N
LR
CTE

(3.4)

whereNf‘i, 1 < i < k, are consistent estimators of the covariance operators, I';. Estima-
tors {¢;} of the common eigenfunctions {¢;} can be obtained as in Section 3.1 while, the
eigenvalues of the first population, {);}, can be estimated through \; = (¢;,T'1¢;).

Moreover, as in the finite-dimensional case, one can define a new family of estimators
of Aj. This family allows to construct estimators of the ratio A;/A; more efficient than the
previous one, for gaussian processes. Let \j; = (¢;,T';¢;) and let p; be defined as in (3.4),

~

then, the eigenvalue estimators for the first population, );, are defined as

N

Nij 1<yj. (3.5)

ey

i=1

7

s

4 Asymptotic properties of the eigenfunction and eigenvalue
estimators under a FCPC model

4.1 Asymptotic distribution of Proposal 1

It is clear that consistency of each population covariance operator estimator ensures consis-
tency of the pooled one. On the other hand, since the samples of the different populations
are independent it is easy to derive the asymptotic distribution of the pooled operator
estimator. We have thus the following result.

Lemma 4.1.1. Let T; be an estimator of the i—th population covariance operator, r=
Zle 7;I'; be the pooled estimator defined in Proposal 1 and T' = Zle ;.



a) IfT'; are consistent, i.e., if |T; — L[|z %% 0 then |T — ||z < 0.

b) If \/ni(IA‘Z- -Iy) D, U;, where U; is zero mean gaussian random element of F with
covariance operator Y;, then

k
VNI -T) = Y Vrym(@;-T;) = U, (4.1)
=1

where U = Y.F | \/7,U; is a mean zero Gaussian process in F whose covariance
operator is given by ¥ = Zle X5,

Remark 4.1.1. As mentioned above, using the Central Limit Theorem in Hilbert spaces,
Dauxois, Pousse and Romain [5] have shown that, when E(||X;1||*) < oo, for 1 <i <k, if
f‘i are the raw empirical operators defined in (2.1), v/n; (f‘l — I‘i) converges in distribution
to a zero mean gaussian random element, U;, of F with covariance operator Y; given by

Y, = Z SimsirsiosipE[fimfirfiofip] ¢m®¢r®¢o®¢p - Z Ximir ¢m®¢m®¢r®¢r (4-2)

mirioip m7r

where s7,, = A\jm. On the other hand, as shown in Boente and Fraiman [3], if we choose
I'; as the smoothed empirical operators defined in (2.2), then the same result holds under
mild smoothness conditions on the covariance functions, if the bandwidth parameters for

each population, h,,, satisfy that n;h,, — 0.

As proposed by Dauxois, Pousse and Romain [5], once we have consistent estimators of
the covariance operator, a natural guess for estimating the eigenfunctions is to consider the
corresponding eigenfunctions of the covariance estimators. Denote by $j the eigenfunction
related to the j—largest eigenvalue U; of I'. Then, from the results in Section 2.1 of Dauxois,
Pousse and Romain [5], we get easily the following result.

Theorem 4.1.1. Under the assumptions of Lemma 4.1.1b), for each eigenfunction ¢; of T
related to the eigenvalue v; = Zle T;\ij with multiplicity one, we have that

VN(¢j — é;) 2> 8;Ug;

where U is a mean zero gaussian process defined in (4.1) and S; is the linear operator
defined by

(Sju)(t) = Z {ZTi()\ij - )\im)}_lfbm(t) (Pm, ) -

m#j =1

Note that, from A1l and A2, we get that for j < ¢, ¢; is an eigenfunction related to
an eigenvalue with multiplicity one and so, Theorem 4.1.1 can be used. In particular, we
obtain the following result.

Corollary 4.1.1. Let us assume that f‘z is the raw empirical operator,f‘LR, defined in (2.1),
that E(||X;1||*) < oo, for 1 <i < k, and that A1 and A2 hold. For each eigenfunction ¢;
of T related to the eigenvalue v; = Zle TiNij with multiplicity one, we have that

10



a) VN(¢; — ¢j,6;) == 0

b) For any j #m \/NWNSJ — &y Om) — ./\/'(0,0’5”-) with

k 2k
0-]2m = {ZTZ(/\U _)\zm)} ZTZ)\zm)\ZJE[fzszzzj]

=1 i=1

Moreover, if X; 1 are gaussian processes, for all 1 <1i < k, we get that

k -2
szm = {Z Ti(Aij — )\im)} ZTi)\im)\ij . (4.3)
i=1

1=1

The following Theorem provides the asymptotic behavior of the eigenvalue estimators
under mild conditions on the eigenfunction estimators.

Theorem 4.1.2. Let T'; be an estimator of the covariance operator of the i—th population
such that \/n—l(f‘l ) D, U;, where Uj; is zero mean gaussian random element of F with
covariance operator X ;. Let qz~5j be consistent estimators of the common eigenfunctions such
that VN ((5] — (bj) = Op(1) and define estimators of \;j as Xij = ((5]-, f‘,($]> For any fixed

m, denote ]\Z(m) = {\/n—, (XU — )\ij)}1<j<m' Then,

a) For each 1 < i < k, \/n—l(:\lj —/\ij) has the same asymptotic distribution as
Vi (<¢j,fi¢j> - Aij)-

2 (m)

b) For any m fixed, Ay ", ... ,]\,(gm) are asymptotically independent.

c¢) If, in addition, the covariance operator X; of U; is given by (4.2), then ./sz(m) is

jointly asymptotically normally distributed with zero mean and covariance matrix
Clm) such that CJ;™ = N3 |E () —1] and C;™ = xjhis [B (f2£2) — 1], that
is, the asymptotic variance of \/n; (X” — )\ij) is given by )\22]- {E( é) — 1} and the
asymptotic correlations are given by

E(% 35)—1

() -1 () -1E

Moreover, in the normal case, we get that the components of ./AXZ(m) are asymptotically
independent with asymptotic variances 2)\22]-.

Remark 4.1.2. When all the populations have a gaussian distribution, Theorems 4.1.1
and 4.1.2 provide an expression for the asymptotic variance of the estimators that is related

11



to that given in the finite-dimensional setting. A more general framework in which an
analogous statement can be given, is when all the populations have the same distribution
except for changes in the location parameter and the covariance operators. To be more
precise, assume that the processes X; 1(t), 1 <@ < k can be written as

O 1
Xig =pi+ Y A2 fij b
=1

with A\j;1 > A2 > ... > 0 and f;; random variables such that E(f;;) = 0, E( fj) =1,
E(fij fis) = 0 for j # s. Moreover, assume that for any j, f;; and fi; have the same
distribution. In this case, the asymptotic variance of v N (¢j — b4, dm) reduces to

k 2 &
szm =FE (f12mf12]) {ZTZ()‘U - )‘zm)} ZTZ)\ZM)\Z] )
i=1

i=1
that is, it is proportional to that obtained for gaussian processes.

Similarly, the asymptotic variance of ,/n; (X” — )\ij) is given by )\22]- [E ( ffj) — 1} and
the asymptotic correlations are the same for all populations.

It is worth noticing, that under the additional assumption of gaussian process E( ;4]) =3
and so there is no need to estimate this quantity if we are seeking for confidence intervals
or hypothesis testing. Under a more general framework, the expectation appearing in the

previous expressions for the asymptotic variances, i.e., F( f;) and F ( i ffj) can easily

be estimated using consistent estimators of the eigenvalues and eigenfunctions and the fact
that <Xi,1,¢j>2 = /\ij z2j

4.2 Asymptotic Properties of Proposal 2

In this section we will study the asymptotic behavior of the second proposal given in Section
3.1. We will show that a better efficiency is attained if X ; (¢) are gaussian random functions.

Denote I';,; = Zle 7i [(Nij — Aim) / (AimAij)] T'; and denote ¢} any solution of

Omj = (&F,, d%)
{ 0= <5~wrjmj¢§> 1<j<m. (4.4)

It is easy to see that if the covariance operators satisfy a FCPC model, then ¢; satisfies (4.4).
The following result state the consistency of the estimators defined through (3.3).

Theorem 4.2.1. Let T; be consistent estimators of the covariance operator of the i—th
population, i.e., Hf‘l — Tyl “% 0. Moreover, assume that the FCPC model hold and let
{Xw} consistent estimators of the eigenvalues of the i—th population {\;;}. Assume that
for each j there exists 1 < i; < k such that \;;; > 0 and that the system (4.4) has a
unique solution, then the solution qubj of (3.3) provide consistent estimators of the common
eigenfunctions ¢;.

12



The following result states the asymptotic behavior of the coordinates {<$j, ¢s) s> 1}
of the common eigenfunctions estimators ¢; defined through Proposal 2 that will allow to
establish the claimed improvement in efficiency for gaussian processes.

Theorem 4.2.2. Let T'; be an estimator of the covariance operator of the i—th population
such that , /nl(f‘l -T) 2, U;, where Uj is zero mean gaussian random element of F with

covariance operator X; given by (4.2). Moreover, let /A\ij be consistent estimators of the
eigenvalues of the i—th population \;;. Assume A1, A2 and that \jy >0, for all 1 <7 <k.
If the solution ¢; of (3.3) are consistent estimators of the common eigenfunctions ¢; such

that either g; = VN ((EJ — (bj) = 0,(1) or N7 ((EJ — qﬁj) = 0,(1) hold, then, for any j < ¢,
m < {, m # j we have that

a) (Gm, ;) has the same asymptotic distribution as —(Gj, ¢m,)-

b) For j < m, (Gj, m) L2, N(0,62), where

jm

2
zk: - (Nim — Aij)?
‘ ’ >\zm>\zy
2

Remark 4.2.1. Note that in the gaussian case, we get E( 2 i

ymptotic variance of coordinates of the common eigenfunction estimates, defined through
Proposal 2, reduces to

) = 1 and so the as-

M im — Aij)? -
92 _ 7, MM 1j
m {; " Ximij
On the other hand, the common eigenfunction estimates, defined through Proposal 1, have

2

asymptotic variances ajzm given by (4.3). Since 9]2-m < 0jp,, we obtain that the estimates

of Proposal 2 are more efficient that those of Proposal 1 for gaussian processes.

Note that if we relax the gaussian distribution assumption by requiring, as in Remark
4.1.2, that f;; and fi; have the same distribution, for all j, then, the same conclusion holds.

4.3 Asymptotic Distribution of the proportionality constants

We will first state some results regarding the norm of a covariance operator estimator that
will allow to derive easily the asymptotic behavior of the proportionality constant estimators
defined in Section 3.3. Strong consistency follows easily from the continuity of the norm
|| - || = and the consistency of the covariance estimators of each population.

13



The following Theorem states the asymptotic distribution of the proportionality con-
stants.

Theorem 4.3.1. Let X;1(t), -, X;n,(t) be independent observations from k independent
samples of smooth random functions in L?[0,1] with gaussian distribution with mean u;
and covariance operators I'; such that I'; = p;I'1, 1 <i¢ <k, py = 1. Let I'; be estimators
of the covariance operators I'; such that \/E(f‘z -Iy) 2, U,, where U; are independent
zero mean gaussian random elements of F with covariance operators Y; given by (4.2).
Let p; be defined as in (3.4). Then, if |T1||7 # 0 and we denote by 7; = VN (p; — p;),
T = (f,...,7)", we have that T is asymptotically normally distributed with zero mean
and asymptotic variances given by

iz A

ASVAR (73) = 2p2 (11 +7) o
f

2<i<k. (4.6)

Moreover, if we denote by p = (pa, ... ,pk)T, we have that T —2 N(0y_1,B) where

i 2
BzZ%[l pPp —|—d1ag<p2...,&>]
T1

”F ”]—' 72 Tk

It is worth noticing that 3,51 A} = ||T1 Tq[|%.

The following result gives the asymptotic distribution of the estimators of the ratio
i/ AL
Theorem 4.3.2. Let X;1(t),---,X;n,(t) be independent observations from k independent
samples of smooth random functions in L?[0,1] with mean p; and covariance operators T';
such that T'; = p;I'1, 1 < i <k, py = 1. Let IA‘Z be estimators of the covariance operators
I'; such that \/n_,(A ) 2, U,;, where U; are independent zero mean gaussian random
elements of 7 with covariance operators X; given by (4.2). Let p; consistent estimators of
the proportionality constants p; and )\ be defined as in (3.5) where )\U = <¢], ,¢]> with

VN ((bj — (bj) = Op(1). Denote by 1/1j =N ()\j/)\l — )\j/)\l) and for any fixed p > 2, let

~ ~ ~N\T ~
P = (1/)2, . ,¢p) . Then, we have that 1) is asymptotically normally distributed with zero
mean and asymptotic variances given by

2

ASVAR(TZJ') = —%Xk: VAR( fl) 2<j<p
Pt

Mw

asoov ($;,0m) = 7 |E(f312.) - B (k) — E(f362) + B (£4)]

i=1

for2 <j<m<p.
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Remark 4.3.1 Note that if the process is gaussian, the asymptotic variance of zzj =
VN (Xj S\ — i/ )\1) reduces to o7 = 4A?/A] while the correlations are 1/2 as in the finite-
dimensional case. Moreover, these ratio estimators are more efficient than those obtained
by considering as eigenvalue estimators @j, f‘1$j>.

Theorem 4.3.1 can be used to test the hypothesis of equality of several covariance opera-
tors against proportionality. This corresponds to the two first levels of similarity considered
in the finite-dimensional setting by Flury [9]. Effectively, assume that we want to test

Hy:T1=T9=...=T against H :I'y=p1,2<i<k and3Ji: p;#1. (4.7)

The estimators defined in Section 3.3 allow to construct a Wald statistic.
T e\ T
— ..., —) and denote

From now on, let v, = ( ).
P2 Pk

. T2 Tk T
C,=|diag| 5,...,—= | =¥,
’ [ (p% pi) o
The following result provides a test for (4.7).

Theorem 4.3.3. Let X;1(t), -, Xjn,(t) be independent observations from k independent
samples of smooth random functions in L?[0,1] with gaussian distribution with mean fi;
and covariance operators I'; such that T'; = p;I'1, 1 <1i <k, p; = 1. Assume that we want
to test (4.7) and that ||T'1||# # 0.

Let f‘, be estimators of the covariance operators I'; such that \/ni(f‘i -TI) 2, U,, where

U, are independent zero mean gaussian random elements of F with covariance operators
Y; given by (4.2). Let p; be defined as in (3.4), p = (p2,...,pr)" and T be defined as

T4 1%

T=VN@P-1_1)"C(p—13_1) ——tf_ |
2T T (I3

where C = Cﬁ and 1j_q is the k—th dimensional vector with all its components equal to
1. Then,

a) Under Hy, T 2, Xi—l-

b) Under Hi 5 : T; = (1 + aiN_%) 'y, we have that T D, X%_l(o) with

f=a"Cq LT Xp:m?— ZP:T-a- | _r
=nnE |1ttt \mg 2T Ty %

Therefore, a test, with asymptotic level «, rejects the null hypothesis when
T > Xi—l,l—a )
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with P (X%—l > X%—l,l—a) =a.

If the covariance operators are proportional the above testing procedure allows to decide
if equality holds. If it does not, a modified discriminating rule using estimators of the
proportional constants needs to be considered.
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Appendix

PrROOF OF COROLLARY 4.1.1. The proof follows easily from the fact that the covariance
operator of Vj = S;jUd; is By, (s,1) = >, 10 2j Cm Cmr & P (8)@r (), where
-1

k k
Cm = {Z% (Aij — )\zm)} and  cpy = ZTi)\i%m)\i%r/\ij E (fimfirfz%’) -0
=1 i=1

PROOF OF THEOREM 4.1.2. The proof of b) follows easily from a). The proof of a) can
be derived using analogous arguments to those considered in Flury [8] for the maximum
likelihood estimates. Effectively, the consistency of 5]- entails that \/n; (5]-, (f‘l — Fi)$j> and
VTi®j, (f‘l —T;)¢;) have the same the asymptotic distribution and so, the proof will be

completed if we show that |/n; {(%,I‘Z@j) — <¢jyri¢j>} L50.

Since <qz~5j, qz~5]> =1 and \/n_Z(QNSJ — ¢;) is bounded in probability, using that (¢;, gz~5j —¢j) =
—(1/2)(5]- - ¢j, gz~5j — ¢j), we get easily that \/n;(¢;, <l~5j — 05) 2., 0. On the other hand, we
have that

N (<5j7 Fi$j> - <¢j7ri¢j>) = Uip; + Uy, +Usy,

where

Utn, = nilg; — ¢;,T; (aj—¢j)>

U2ni = \/n—i<¢j_¢jvri¢j>

Usn, = /il Ti (65— ;).
Using that \/N(Ej?] — (bj) = Op(1), we obtain that Uy, L, 0. Besides, Uan; + Uz, =
2Xij /iP5, $j — 0j) 2, 0 concluding the proof of a).
c) As in a) we have that {,/n; (3\” — )\ij)}lgjgp has the same asymptotic distribution

as {<¢J7\/”—Z(fz - Fi)¢j>}1§jgp' Using that \/E(f‘l -Ty) 2, U;, we get that f&gp) N
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((é1,Ui1), -+, (¢p, Ui@p)) which is a zero mean normally distributed random vector. The
expression for its covariance matrix, follows easily using (4.2). O

PROOF OF THEOREM 4.2.1. From the consistency of f‘l and Xij, we get that f‘mj Ry L.
Therefore, the solution {¢;};>1 of the system (3.3) will converge to a solution ¢} of the
system (4.4). The assumed uniqueness, entails Fisher—consistency and thus, consistency. []

PrROOF OF THEOREM 4.2.2. Denote by ZZ = VN (f‘l — I‘i). Then, we have that f‘, =

N=3Z; + T; and ngbj = N_%ﬁj + ¢;. Replacing in the first equation of (3.3), we get that
NY2(p; — i, b — bm) + (G, bm) + (Gm, ¢;) = 0, for all m,j. On the other hand, replacing
in equation (3.3), we get that for j # m

(Gjs dm) + (Gm.d5) = —Cmj (A1)
Gmj(Gms 83) + O (G5, bm) = —Timj — Ry
where
LIRS VY
Cmj = N1/2<¢]_¢]7¢m Sm) s Gmj = Zln ZA] le Aij
i= imA\ij

ES 3 LIV,
brj = D Ti—— i, Umj = Z”ix (Om:Zidy)  for j <m

Let us restrict the system of equations (A.1) only to those 1ndexes with 1 < j <m < /.
Therefore, it can be written as the linear system Bg G = W where Bg is a matrix and

G = (7j, dm)1<jrtm<t -
Since g; = Op(1) or N1 ((b] (b]) = 0,(1), we have that &,; —— 0 and R,,; —— 0
which entails a). Moreover, the weak consistency of the eigenvalue estimators guarantees

~ p N p
that d,,; — am,j and b,,; — by,j, where

k k
)\i' - )\im )\z - )\zm
Umj = ZTiij)\. and bmj = Znij v
i=1 im i=1 i

and hence, convergence in probability of the matrix ﬁg to a matrix By. Furthermore, the
assumptions made on the eigenvalues \;; guarantee that By is non singular.

Using that 2, 2, U; for each i, we get that (Um;)1<j<m<¢ is asymptotically normally
L . - D . . .
distributed, i.e., (Umj)i1<j<m<e¢ — U where u is a gaussian vector with zero mean, zero
correlations and the variance of u,, ; is given by

_ 2
ZT’ )\Zm)\” ) E( 22m sz) '
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Therefore, w 2 W, a random vector with its first s(s + 1) rows equal to 0 and the
last ones equal to u implying that G D, B;lw and so (Gj, dm) 2, N(0, sz»m), with 9]2-m
defined in (4.5). O

In order to prove Theorem 4.3.1, we will need the following Lemma.

Lemma 1. Let X ... X, be independent random elements L?([0, 1]) with covariance oper-
ator I'. Denote by \; the eigenvalues of I'. Let I' be an estimator of the covariance operator

I such that \/n(T' —T) KN U, where U is a zero mean gaussian random element of F with
covariance operator X, given by

YT = Z SmsrsospE (fmfrfofp) ¢m ® ¢r®¢o & @bp - Z /\m/\r ¢m ® ¢m®¢r & @br (A2)

m7r707p mir

and s, = \,,. Then, we have that \/ﬁ(Hf‘Hzf —|ITI%) N 2(U,T)x = 2Y, whereY is a
zero mean normal random variable with variance given by

o = > NNE(fAf) - Y AL

m,p>1 m,p>1

Moreover, in the normal case, we get that 032, =2 3> )\?.

PROOF. Denote by W, = /n(I' = T'). Then, we have that \/ﬁ((f‘,f‘)]: — (F,F)]:) =
2(Wy, D)+ (Wy, T=T) 5 = 2(W,,, T) £+0,(1), since W,, = O,(1) and T—T = 0,(1). Finally,
since W, L, U where U is zero mean gaussian random element of F with covariance

operator Y, given by (A.2), we get that (W,,T)r 2, (U,I')# which is a mean zero
normal random variable. From the explicit formula for Y given in (A.2), straightforward
calculations lead to the expression for the variance of (U,T") . O

PROOF OF THEOREM 4.3.1. Denote by T = \/N(HIA‘ZH%_- — |Ti||%). Then, using Lemma 1,
we get that 7 o7~ N(0,02) where 0? = 8p i1 /\?/TZ‘ and 77, ..., T}, are independent.
It is easy to see that, for 2 < i < k,

1 . .
= (T, — p?T1) +0,(1
o () )

~

i

and so the asymptotic distribution of T is the distribution of (Zs,.. .,Zk)T with Z; =
(T; — p?T1) / (2 pi |IT1]|%). The proof follows now easily from the fact that T; are indepen-
dent and normally distributed. O

PrOOF OF THEOREM 4.3.2. The consistency of the eigenvalue estimators entails that it
will be enough to obtain the asymptotic distribution of v NV ()\j)\l — )\j/\l).

From the proof of Theorem 4.1.2, we have that \/n; (X” — )\ij) = aj—i-rij, where 7;; 2,0
and aj = (¢j, /1 (IA"Z — I‘i) ¢;) is asymptotically normally distributed. Therefore, using
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that p; 2, p; and that tAZ-j are bounded in probability, we have the following expansion

k k
~ Tipi 1 Tg ~ 1
M=yl S YR R,
P N P~ R G

i—1 Pi

with R; 250. Hence,

. ~ k Ti ~ ~
VR (W= aA) = 3V (k) ol
i=1 M

~

Now, the result follows easily using that t; = (@1, .. ,tip) are asymptotically independent

and asymptotically normally distributed with variances and covariances given in Theorem
412c¢). O

PROOF OF THEOREM 4.3.3. The proof of a) follows immediately from Theorem 4.3.1. As
in Theorem 4.3.1 denote by 7; = VN (p; — 1;_1) and T = (7a,...,7;)". The proof of b)
follows immediately from the fact that, when I'; = I'; v = (1 + aiN_%) Iy, c - Ci,.,

. D . : . .
and T — N(a,D) with D =2 |1 T||% {1k_1lg_1/71 + diag (7'2 LT 1)} /T % O
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