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Abstract

The common principal components model for several groups of multivariate observa-
tions assumes equal principal axes but possibly different variances along these axes
among the groups. The maximum likelihood estimators of the principal axis can be
defined as the directions maximizing successively a projection index of the multivariate
data defined as the logarithm of the sample variance. Robust estimators can, thus, be
defined replacing the classical variability measure by a robust dispersion measure. This
projection-pursuit approach was first proposed in Li and Chen (1985) under a princi-
pal component analysis and extended to the common principal component setting by
Boente, Pires and Rodrigues (2006). The present paper focuses on the consistency and
asymptotic distribution of robust projection—pursuit estimators of the common direc-
tions under a common principal components model.
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1 Introduction

In many situations, when dealing with several populations, in multivariate analysis, models
for common structure dispersion need to be considered to overcome the problem of an
excessive number of parameters. Flury (1984) introduced the so—called Common Principal
Components (CpC) model, in which the common structure assumes that the k covariance
matrices have possibly different eigenvalues but identical eigenvectors, i.e.,

¥ =BABT, 1<i<k, (1.1)

where A; are diagonal matrices, 3 is the orthogonal matrix of the common eigenvectors and
33; is the covariance matrix of the i—th population. The maximum likelihood estimators of 3
and A; are derived in Flury (1984), assuming multivariate normality of the original variables
while Flury (1988) considered a unified study of the maximum likelihood estimators under
different hierarchical models.

Let (xij);< j<nid<i<k be independent observations from k independent samples in RP

—=J =ty =0 = k

with location parameter p, and scatter matrix 3;. Let N = Zni, Tiv = n;/N, where
i=1

Tin — 7i € (0,1) as N — oo, and X; = (Xj1,...,Xin,). For the sake of simplicity and

without loss of generality, we will also assume that p; = 0,,.

For the cpc model, the common decomposition given in (1.1) implies that for any a € R?,
and 1 < ¢ < k, VAR (aTxﬂ) = aTBA;BTa. Therefore, the first (or the last) axis could be

k

obtained through a projection approach by maximizing (or minimizing) Z T; VAR (aTxil)
i=1

over a € RP with ||al| = 1. By considering orthogonal directions to 3;, the second axis

is defined and so on. It is well known that, as in the one—population setting, the classical
CPC analysis can be affected by the existence of outliers in a sample. The above described
projection approach allows to define robust projection—pursuit estimators by considering
a robust measure of dispersion (see Boente and Orellana, 2001 and Boente, Pires and
Rodrigues, 2002) and provides clear interpretations of the resulting common directions.

On the other hand, it is well known (see Flury (1988)) that the maximum likelihood
estimator of 3 for gaussian populations minimizes

I

1=

where F; = 87S;3, and S; is the sample covariance matrix of the i—th population and so,

p k
it can be viewed as the minimizer of Z Z n;In (¢;5), where ¢;; are the diagonal elements of
j=1 i=1
F;, i.e., ;; equals the sample variance of the projected vectors ﬁ}xil, .. ,ﬁ;»rxim. Boente,

Pires and Rodrigues (2006) considered a general approach which consists of applying a score
function to the scale estimator



Let f : RT™ — R be a general increasing score function and s a univariate scale estimator,
Boente, Pires and Rodrigues (2006) propose to estimate the common directions as

k

B = argmax Y £ (aTn - aTx)
lall=1 3=

(1.2)

~

k
B, = argl;laxZTiNf (32(aTx,-1, .. ,aTxmi)) 2<m<p;
achbm i=1

where B,,, = {a € R? : |a| = 1,aTBj = 0for 1 < j < m —1}. The estimators of the

eigenvalues of the i-th population are then computed as sz = 82(B:1X2'1, e 7B:1Xini) for
1 < m < p. A different definition arises by minimumizing instead of maximizing, which
lead to different solutions (beyond the order) due to the use of a robust scale (see Li and
Chen, 1985). However, both proposals will have the same asymptotic behavior.

Partial influence functions of the described propjection—pursuit estimators were derived
in Boente, Pires and Rodrigues (2006). The aim of this paper is to obtain under mild condi-
tions the consistency and asymptotic normality of the robust projection—pursuit estimators
of the common directions and their size under a ¢PC model. Asymptotic normality will be
derived through Bahadur representations that are applicable to some common choices of
robust dispersions. In this sense, our results extend those given by Cui, He and Ng (2003),
from one to several populations. Under elliptically symmetric models, our results simplify
to provide the same asymptotic variances computed by Boente, Pires and Rodrigues (2006)
using partial influence functions.

In Section 2, we describe the general projection—index estimators and the assumptions
needed to derive the asymptotic behavior. Our main results are stated in Section 3 where
the situation in which all the populations have elliptical distribution except for changes in
location and scale is also discussed. Proofs are left to the Appendix. In Boente et al. (2006),
it was assumed that n; = 7, /N, where 0 < 7; < 1, are fixed numbers such that Zle =1,
i.e., that 7,y = n;/N = 7;. To consider a more general framework, the asymptotic results
will be stated by assuming that the sample sizes, n;, go to infinity in such a way that
Tiv — 7 € (0,1) and N%(T,-N — 7;) — 0. This includes the situation in which n; is the
integer part of m;INV.

2 Projection—index estimators: Notation and Assumptions

In a one—population setting, robust estimators for the principal directions using alternative
measures of variability, were first considered in Li and Chen (1985) who proposed projection
pursuit estimators maximizing (or minimizing) a robust scale. Later on, Croux and Ruiz—
Gazen (2005) provided the influence functions of the resulting principal components while
their asymptotic distribution was studied in Cui, He and Ng (2003).

Under a ¢PC model, robust projection—pursuit estimators were introduced by Boente



and Orellana (2001) who considered as score function f the identity function in (1.2) while
in Boente, Pires and Rodrigues (2002) their partial influence function was obtained. Boente,
Pires and Rodrigues (2006) proposed the general projection—pursuit estimators defined
through (1.2) to estimate the common directions.

From now on X; = (X;1,...,Xn,;) will denote independent vectors from k independent
samples in R? such that, for 1 < j < n; x;; ~ F;, where F; is a p—dimensional distribution
with location parameter p; and scatter matrix ¥; satisfying (1.1). As in Boente, Pires and
Rodrigues (2006), without loss of generality, we will assume that p; = 0. Denote by F;[a]
the distribution of a®x;;, and by F the product measure F = F| x Fy... x F}, . Let F;
be the one dimensional distribution space, S, the p—dimensional unit sphere and I, the
identity matrix in RP*P,

Moreover, let ¢ be a projection index, i.e., a functional ¢ : F; — R>p and o(-) a
univariate scale functional. Denote by sfnz : RP — R and ¢ p, : RP — R the functions
s?’ni(a) = o%(a™X;) and g, (a) = s(aTX;), respectively, where ¢(aTX;) and o%(aTX;)
stand for the functionals ¢ and o computed at the empirical distribution of aTx;1, ..., aTx;,,,
respectively. Analogously, o; : R? — R and ¢; : R — R will stand for o;(a) = o(F;[a])
and g;(a) = ¢(Fj[a]), respectively. The estimators defined in Boente, Pires and Rodrigues
(2006) correspond to the choice ¢(F) = f(o?(F)). We will assume that ¢;(a) = ¢;(—a) and
Sim;(a) = Gin, (—a), that holds if ¢(F) = f(o?(F)). Moreover, let py(a) and p(a) stand for

k

pn(a) = ZTiNgi,m(a) (2.1)
2;1

p@) = Y msla). (22)
i=1

Then, a more general framework than (1.2) defines the estimators of the common direc-
tions as

k
B, = argmaxZanm (a) = argmax py(a)
lal=1 3= llall=1 9
k (2.3)
By = argmaXZTiNgmi (a) = argmax py(a) 2<m <p.
acBm ac€Bm

where B,, = {a € RP : ||a] = 1,aT,Bj =0, V1<j<m-—1}. The estimators of the
eigenvalues of the i—th population are then, computed as

Xim = (B Xi) = 52, (Br), 1<m<p. (2.4)

We will now introduce the statistical functional related to (2.3). Let p(a) be defined in
(2.2). The projection-index common directions functional B.(F) = (8, (F),..., B, (F))



is defined as the solution of
Bi(F) = aﬂgﬁnax p(a)
al|=1
(2.5)

Brs(F) = argmax p(a) 2<m <p
’ ac Cm

where C, = {a € R? : ||a]| =1,a"8, (F) =0, V1 </ <m—1}. It is clear that both B,,
and 3, (F') are defined except for a multiplicative factor —1. As in Cui, He and Ng (2003),
we will assume that 3,, ((F') is unique, up to direction reversal, for any m, i.e., 8,, ((F)
and —@,, ((F) are considered equivalent and it does not matter which one we take. In this
sense, the convergence ,Bm LN Bm.(F) mean convergence in axis, not in the signed vector.
In order to identify uniquely the vectors (functional and estimators), one can choose them
such that the component with its largest absolute value will be positive, for instance. The
eigenvalue functional is defined as

ANimeo(F) = o*(BBn(F)]) 1<m<p, 1<i<k. (2.6)

)

When ¢(F) = f(c(F)), conditions under which the functional defined through (2.5) will be
Fisher—consistent were obtained in Boente, Pires and Rodrigues (2006), while the particular
case in which f(¢) = t was studied in Boente and Orellana (2001). To simplify the notation,
we will avoid the subscript ¢ and/or o and so, we will indicate 3,,(F) = B,, (F) and

Xim (F) = im0 (F).

From now on, the notation /(x,a) will be used for the derivative of the function h(x, a)
with respect to a. Throughout this paper we will consider the following set of assumptions

S0. For some g < p, we have that v (F) > vo(F')... > v4(F). Moreover, for 1 < m < g,
B3,,(F) are unique except for changes in their sign.

S1. Gin,(a) —gi(a) = ni_l Z;il hi(xij,a) + R; »,,, where

a) ¢i(a) is a continuous function of a.
b

(¢

d

i(x,a) is continuous in both variables.

Gin; (@) is a continuous function of a a.e.

) h
)
) Ehi(x;1,a) =0 and E <supa€$ |hi(xi1,a)|) < 00.
)

e) SUPacs, |Fin, 250, i.e., Ripn, = 0p (1) uniformly in a € S,
_1
f) E <supaesp h(x1, a)) < oo and R;,, = o0, (nz 2) uniformly in a € S,,.

S2. ¢(a) is twice continuously differentiable with respect to a. ¢;(a) and ¢j(a) will stand
for its first and second derivatives, respectively.



S3. The function g; ,,(a) is differentiable with respect to a for any a € S, almost every-
where. Moreover,

_1
Sing(a) —¢i(a) = _lzh Xij,a +op< 2>

uniformly in a € S, with 2} : RP x RP — RP such that
a) For any given x, h7(x,a) is continuous in a.
b) Ehf(x;1,a) =0 for alla€ R and E <Supaesp ||hl*(xi1,a)||2) < o0
S4. s;n,(a) —oi(a) = ni_l Z;”Zl hio(%xij,a) + R pn, o, where

a) o;(a) is a continuous function of a.

b) Eh;s(xi1,a) =0 and E (SUPaes,, \hi,g(xil,a)o < 0.
¢) his(x,a) is continuous in both variables.
d) Rin,o = 0p (1) uniformly in a € S,

1

e) E <supaesp hao_(Xil, a)) <ooand R, 0 =0p < 2> uniformly in a € S,,.

S5. The families of functions H; = { f(x) = hi(x,a) a€ Sy} His = { f(x) = his(x,a) a €
Spt and Hy, = {f(x) = hi(x;a)a € Sp} , for 1 < i < k, 1 </ § p, with
enveloppes H;(x) = supgeg, [hi(X,a)|, Hio(x) = supyeg, [hio(x,a)|] and Hf(x) =
SUPacs, |17 (%, a)l, respectlvely, have finite uniform-entropy, where A} ,(x, ) stands
for the £—th component of h’(x,a).

Remark 2.1 It is worth noticing that conditions S1 to S4 are analoguous to Condtions
1 to 5 in Cui, He and Ng (2003). On the other hand, S5 is fulfilled if, for instance,
|hi(x,a1) — hi(x,a2)| < G;(x)||a; — az|| with EG?(x;1) < oo, see for instance, van der vaart
and Wellner (1996). On the other hand, if h;(x,a) = y;(aTx/g(a)) with y; : R — R a
bounded function with bounded variation and g : RP — R, then, S5 holds. This result
follows easily using the permanence properties stated in van der Vaart and Wellner (1996)
and that the fact that, given € > 0, for any classes of functions G; and Gs, if G = {g =
gi+ge: g €G,i= 1,2}, then N (G,Q,Lz(Q)) <N (%,gl,L2(Q)) . N (%,gz,[ﬂ(@))

For the sake of simplicity, let us define

vm(F) = maxp(a) 1<m<p, (2.7)
Un = maxpy(a) 1<m<p, (2.8)
acBm

and let



o P =1,-377, B;(F) B, (F)* the projection matrix over the linear space orthog-
onal to that spanned by ,81( )yeoes B (F),

® Bjm =B;(F)" p(Bn(F) Ip + B;(F) p(Br(F))",
¢ Ay =Py (B (F) =B ()" p(Br(ENL=375" B (F)" p(Br(F)) B (F) B;(F)"

e With Zy = 0 and for 1 < m < ¢, we define Z,, recursively by

m—1
=Y ALBnZi+ APy,
7=0

provided that Aj_1 exists for 1 < j < m. It is clear that the process Z,, can by
represented by Z,, = Z;'"”:_Ol C,mu;, for some sequences of matrix Cj,, depending on
Am, Bjm and Pm+1.

o &m(x) = 22021 Com B (x, Be(F)), for x € RP.

o £, (X)=F 1/2£Zm(x,) where X = (x1...,X;) and x; € RP.

i=1Ti

3 Main results

3.1 Consistency and Asymptotic Distribution

The following Theorem establishes the consistency of the estimators of the common di-
rections defined through (2.3), under mild conditions. From their consistency, it is easy to
derive that of the eigenvalue estimators (2.4) and also that of the estimators of the i—scatter

N ~ o~ AT
matrix defined as V; = Z?:l Aim B B -

Theorem 3.1. Let X; = (X;1,...,Xin,) denote independent vectors from k independent
samples in RP such that, for 1 < j < n;, x;; ~ F;, where F; is a p—dimensional distribution.
Moreover, assume that n; = TinIN, with 0 < 7, < 1 such that Zle Tin = 1 and 1,5 —

€ (0,1). Let B,,, Aim and vy, be the functionals defined through (2.5), (2.6) and (2.7),
respectlvely Let Bm and A be the estimators defined in (2.3) and (2 4) respectively.
Under S0, S1a) to e) and S4a) to d), we have that, for 1 < m < gq, ,8 2. 8, (F) and
le—>)\lm( F), for1<i<kasN — .

The following Theorem gives a Bahadur representation for the estimators Bm and sz
which allows to derive easily their asymptotic distribution.



Theorem 3.2.Under the conditions of Theorem 3.1, if, in addition, N%(Tm —7;) — 0, S1
to S5 hold and the matrices A,,, 1 < m < q, are non singular, we have that, for 1 <m < g,

kK n;

B BulF) = 3D &) + 0, (N ) (31)
i=1 j=1

Ko = Nin(F) = =Y i i B () + 0p 1, ) (3:2)

Theorem 3.2 entails that, for 1 < i < k, the joint distribution of N_%(,Bl — B (F),... ,Bq —

By (F), A zl Ai1(F),. .. ,Xiq — Xig(F')) converges to a multivariate normal distribution with
mean 0 and covariance matrix

COovVp (Sl(ﬁ)u v 75(1(}?1))7' .. 7hi,U(Xi17ﬁl(F))7' .. 7hi70'(xi1713q(F)) )
where X7 = (x11 ... ,Xk1)-

It is worth noticing that when dealing with only one population, i.e., when k = 1,
Theorem 3.2 provides the Bahadur expansion given in Cui, He and Ng (2003).

3.2 General-Projection pursuit estimates under the CPC model

Let o be a univariate robust scale functional and f : R™ — R an increasing score function.
Considering the functional ¢(-) = f{o?(-)} in (2.3), we obtain the estimators defined through
(1.2) in Boente, Pires and Rodrigues (2006). As mentioned above, these authors studied
conditions for the Fisher—consistency of the common direction functional defined through ¢
and they also provide an expression for their partial influence functions. From the general
results in Pires and Branco (2002), the asymptotic variance of the common direction and
eigenvalue estimates, i.e., the variance of the approximating normal distribution, was also
computed in Boente, Pires and Rodrigues (2006).

The aim of this section is to show that the expansion obtained Theorem 3.2 allows to
obtain under mild conditions the expressions obtained by these authors.

When ¢(-) = f{o?(-)}, Proposition 1 in Boente, Pires and Rodrigues (2006) provides
conditions to ensure the Fisher—consistency of the functionals defined through (2.5). Be-
sides, under regularity conditions on o, we get that

hio(x,a) = 20(F[a])vi(x,a)
hi(x,a) = f'(0*(Fi[a])) 20(F;[a))vi(x,a)
hi(x.a) = hi(x,a) = f' (o*(Fila])) (20(Fi[a]) ¥ (x, ) + 26 (Ei[a]) i (x, a))
+ 4 f"(*(Fifa))) 6(Fla))o’ (Fila))vi(x,a) 1<i<k,
where 9;(x,a) = IF(x,0a; F}), ¥ (x,a) = IF(x,0a; F}) = ¥i(x,a) and 0, : Fi — R is such
that 0, (F') = o(F[a]) and ¢4(F) is the derivative of o,(F') respect to a.

Let us consider the following conditions



A1l. F; is an ellipsoidal distribution with location parameter p; = 0 and scatter matrix
3 = CZ-CZ-T satisfying (1.1). Moreover, when x;; ~ Fj, Ci_lx,-j = z; has the same
spherical distribution G for all 1 <7 < k.

A2. o(-) is a robust scale functional, equivariant under scale transformations, such that
o(Gp) = 1, with Gy the distribution of z1;.

A3. The function (e,y) — o((1 — €)Go + €4) is twice continuously differentiable in
(0,y),y € R where A, denotes the point mass at y.

A4. fis a twice continuously differentiable function.

A5. Forany 1 < m < p, the eigenvalues 1,y = Zle Ti S (Nim ) Aig of S, = Zle Tif (Nim ) i
are such that 7,0 # Mm = NDmm = Zle Tif (Nim ) Nim, -

Remark 3.1 It is worth noticing that under A1 to A4, the Bahadur expansions required
in S1, S3 and S4 can be obtained under mild conditions on the scale functional, see Cui,
He and Ng (2003) for a discussion.

Typically, the influence function of a robust Scale functional is bounded. Therefore,
using that if A1 to A4 hold, ¥;(x,a) = o4(F; )IF(U 7y 0 Go) and o2(F;) = a"X;a we get
easily that h; »(x,a) and h;(x,a) are bounded. Moreover, if IF(y,0;Go) = x(y) for some
function x of bounded variation, as is, for instance, the case of an M —scale function, then
H; - and H; will have finite uniform-entropy. On the other hand, if 3; is non-singular,
using that

aTx

di(x,a) = os (F)IF <Ua(F) o; G0> 3,a + DIF <UZ(T;) o; G0> ( - ﬁﬁiaaﬂ» x

a

where DIF (y, 0; Gg) denotes the derivative of the influence function IF(y, o; Gg) with re-
spect to y. It is easy to see that the first term on the right hand side will be bounded while
the second one, can be unbounded for some values of a, for instance, if a = 3,,. Hence,
to ensure that the enveloppe HZ* , has second finite moment it is enough to require that
E|x1]|?> < oo. Therefore, if f' and f” are functions of bounded variation, to obtain con-
ditions under which H y will have finite entropy, it is enough to derive conditions ensuring
that

ﬁz(,lz) = {Lx) =/ (a"Zia) ("% a)% DIF (Ua(;)aU;G(J) T, a € Sp}
1 Tx x (%
£? = {L(x) = ' (a™Sa) (aTSia)? DIF (Jj(Fi),a;%) Jj(Fi) ffa(;zf,aesp}

have finite entropy. It is worth noticing that ! z) and £ g) will have finite entropy if

H

(1,0) _ X <
£ = (L) = ADIF(Ua(E) O’Go>:ﬂz,a€3p,|A| o)
T T
'CZ,Z { (X) A Ua(E) O-7GO O’a(F) ac Sp7 |A| C}

9



have finite uniform-entropy, which holds for instance if IF (y, 0; Gp) = x(y) for some contin-
uously differentiable function x such that xi1(y) = x/(y) and x2(y) = yx'(y) have bounded
variation.

Under A1 to A4, we get that 3,,(F) = B, 02(B) = Nim» $i(Bm) = f(Aim), <i(B,,) =
I (Nim) Aim By, and so,

Gilx, By) = mﬂm 0G0>

T T
T,Z.)Z'(X,Bm) = V AHrLBmIF <>\(/)\B_Tn, ag; G0> + DIF < )I\Bm (O GO) (IP - IBmBrTrL)X

Moreover, we have that

k

p(ﬁm) = ZTZf()‘zm) =Vm

i=1

PBr) = 2mmPBm
k

hilx. B,) = 2\/ oo i) [450, B) + 505, BB + 4 Ny (i) (%, B) B

Therefore, using that B]T,Bm =0for1<j<m-—1, we get that

Am = 2Pm+1i 277m 277m Z BTB ﬁ ﬁT =2 Z Tzf zm ( m—+1 Ei - )\imIp)
7=1 =1

k
= 2 ZTzf/(Azm) Z /\ZJB]:BQ zm p =2 Z nmj/@g:@g 277m y2R)
i=1 j=m+1 Jj=m+1

which implies that

p

Z BBT Z — 8,6 (3.3)

nmj

l\3|>i

On the other hand, we have that Bj,, = 2n,, 8, B for j < m — 1, which together with
(3.3) leads to A, !B, = —B; BL . for j < m — 1. Hence, we have that

k p
A5 Pttty = N3 350 /o (i) DI (X B . G0> > e 0 B B

e — nm)

Vim

i=1 j=1 {=m+1

10



From (3.1), we get that

m—1

N2(B, = B) = — > BB N2 (B —By)
=1
LA x5 u 1
N2> Y VX Nim) DIF [ =22 05 Go | Y ————— (x5 8,) By + 0p(1) .
i=1 j=1 Aim p— (Mme = 1m)
Therefore, we get that
L L n; m—1 Tﬁﬁ 1 -
Nz (B, —B,) =N"2 Nief'(Ni¢) DIF ,0;,G Xij Pm
(Bm — Bm) ;Fl 2 of (Nie) ( w 0) (Wm—m)( i Bm) Be

k D
1 ,8 1
N3 VAim f' (Aim) DIF 2 0;Gy | —————(xF ;
! ; 32311 %l o < VAim 0) (1hm = Thme) O B0 Bt 0n(1)

as suggested by the partial influence functions obtained in Boente, Pires and Rodrigues
(2006) and the expansion given in Pires and Branco (2002).

In particular, when f(t) = ¢, we obtain the Bahadur representation of the estimators
defined in Boente and Orellana (2001), suggested by the partial influence functions derived
in Boente, Pires and Rodrigues (2002).

A Appendix

From now on, whenever it is needed we understand that By = C; = S,

A.1 Proof of Theorem 3.1

The following two Lemmas will be useful to derive the consistency of the estimators. We
omit the proof of the first one since it follows straighforwardly.

Lemma A.1. Let f, : S, — R be a sequence of random continuous functions such that
fa(a) = fu(—a) and assume that supacs, [fn(a) — f(a)] = op(1) where f : S, — R is
a continuous function such that f(a) = f(—a). Denote by w, = argmax,cs fn(a) and
W = argmaX,cg, f(a). Assume that w is the unique maximum of f in S, except for

o . p P

direction reversal, then w,—w = o,(1), i.e., w,—w — 0, where the convergence w, — W

mean convergence in axis, not in the signed vector. In particular, if we choose w,, and w such
. . . o, P

that their component with larger absolute value will be positive, we have that w,, — W.

Remark A.1l. It is easy to see that if f is a continuous function over a compact IC with a
unique maximum, w, and if (w,,),>1 is a sequence of random elements taking values in K
such that f(w,) — f(w) = 0p(1), then w,, — w = 0,(1).

11



Lemma A.2. Let X; = (X;1,...,X;n,;) denote independent vectors from k independent
samples in RP such that for 1 < j < n;, x;; ~ F;, where Fj is a p—dimensional distribution.

i) Assume that S1b), d) and e) holds, then, we have that sup,cs, [ov(a) — p(a)] 2,0,
when n; — oo in such a way that 7,5y — 7; € (0,1).
ii) Assume that S4b) to d) holds, then, we have that, for any 1 < i < k, Supaes, |Sin, (2)—

oi(a)| 2 0, when n; — oco.

PROOF. We only prove i) since the proof of ii) is analogous. Note that since

k k
px(@) = p(a) = > Tin (Sim,(a) = si(@)) + Y (7 — Tin)si(a) |
i=1 =1
and 75 < 1, we have that
k k
sup [px(a) = p(a)] < Y 7iw sup [sin,(a) —si(a)| + D |7 — Tin| sup [si(a)]
acSy i—1 acSy i—1 acSy

k
< sup |sin. () —gi(a)| + max |7 — 75| max sup [g;(a)l,
> ;aei‘l’nl( ) i(a)l 1§i§k‘ i in| 1§i§k‘a€£”2( )l
and so using using that 7,5 — 7; and that ¢;(a) is a continuous functions, from Sle) it will
be enough to show that for any 1 <i <k

1|
sup — Zhi(xij,a) LO

acS, T =
Let A = {x € RP: ||x|| < K}. Given > 0, let K € N, be such that

E sup [hi(xi1,a)[Lac. (xi1) <1 (A1)

acsSy
The uniform continuity of h;(x,a) over Ax x S, entails that there exists § > 0 such that,
for any x1,x2 € Ax and a;,az € S, such that ||x; — x2|| < 0 and |la; — az|| < J, we have
that |h;(x1,a1) — hi(x2,a2)| < 7. Let (Vs);<.<, be a finite collection of balls centered at

¢
points ay € S, with radius smaller than  such that S, C U Vs, then

s=1

1|
max, sup 1> (hi(xij, ) — hi(xij,20)) L (xig)| <

j=1
and so,
il B (X < - B (X T ac (x:: - B (X I g
1 [ o) S 32 o ) i b g |3 o ) L )|
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The law of large numbers and (A.1) entail that

1 &
Ap,(n) =P | =) sup |hi(xij, )| Lag, (xi5) > 20| — 0.
nijzlaESp

Therefore, the proof will be concluded if we show that

1|
By, (n) = P | max — Zhi(xijaas)IAK(xij) >3n) —0.
=1

1<s<l n;
Note that
1 |
Bn,(n) </ 1H§§%<ZP - ;hi(xijvaS)IAK(xij) > 31
]:

ng

1| 1
< ElflaXP — ;hi(xij,as) > +£112?§4P P jz_:lhi(xij,as)IA%(Xij) > 21

1| &
< 6&13;{513 - z:lhi(xijyas) > |+ Ap(n)
‘]:

Hence, the proof follows from the fact that A,,(n) — 0 and the law of large numbers using
that Eh;(x;1,a5) =0, for any 1 < s < /.0

From now on, to simplify the notation 3; and A;; will stand for B;(F) and \j;(F),
respectively

PROOF OF THEOREM 3.1. Let py, vy, and U, be defined in (2.1), (2.7) and (2.8) , respec-
tively .

Let us first show that
a) ifBjL,Bj, 1<j<m-—1, then, vy, - v, and
b) if Bm 2, B.,,, then, sz 2, Aim, which shows the consistency of the eigenvalue
estimators.
a) Lemma A.2 entails that

sup |px(a) — p(a)l == 0, (A.2)
acsSy

and so

Px(Brn) = p(Brn)| = | max py(a) — max p(a)|

Ym = Vm| acCm

IN

max lpn(a) — p(a)] + | max p(a) — max p(a)|
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and thus, the result follows from (A.2), the continuity of p and the fact that Bj 2, Bjs
1<j<m-—1.

b) Using Lemma A.2 ii), we get that sup |s;,,(a) — oi(a)] == 0. Hence, since Ay, =
acSy
szz,ni (IBm)a )\Zm = U?(Bm) and

Nim = Aim| = |52, (B) = 02(Byn) + 02(B,,) — 02(By)
< max|s, (a) = o?(a)| + |02(B,,) — 02(By)

the continuity of o;(a) and the fact that Bm 2, B3,, entail that sz L, Nimn.-

Therefore, it remains to show that Bj 2, B;. From (A.2), using that Bl and 3,
maximize py and p, respectively, the continuity of py and p and Lemma A.1, we obtain
easily that 8, 2, 3.

Let 2 < m < p and assume that ,@j 2, Bj; 1 < j < m—1, we will then show that

Bm 2, B,,- Denote by a,,,...,a, an orthonormal basis of the linear space orthogonal to
that spanned by By,...,8,,_1, then, {B1,...,8,,_1,am,...,a,} is an ortonormal basis of
RP. Hence, we have that

m—1 m—1
B Z(Bmvﬁg /8]_‘_2 Bmval al:z/c\jﬁj"i'bm,
Jj=1 i=m j=1

where (3;,bp,) =0, for 1 < j <m — 1. On the other hand, since HBmH =1, (B],Bm> =0
and ,@j 2, B; for 1 < j <m — 1, we have that

¢ = <//8\m’:8y> = <Bmaﬁj _,Bj> 2,0

and 50, ||bp|| == 1. Let by, = Gy by, where G, = |[by || —= 1 and ||by,|| = 1, then,
R R R R R R R R m—
Br—bm = Bry—bm+bm Gn—bpm & = B,,—bp+by, (Gn—1) = Z m (En—1) 25 0.

(A.3)
ThereAfore, to prove the consistency of ,E'}m it is enough to show that Bm - B, 2. 0. Using
that by, B,, € Cn, B,, is the unique maximum of p over C,, and Remark A.1, it is enough
to show that p(b,,) — p(8,,) — 0. Note that

p(Brn) = p(Br)l < |p(bim) = p(Bra)| + 10(Brn) = o (Bl + ox (Brn) = p(B,0)
p(b) = p(By)| + sup px(a) = p(a)| + [P — vin|

acSy

VANVAN

Therefore, p(bm) — p(3,,) —— 0 since p is a continuous function, (A.3) and (A.2) hold and
and Up, — vy, = 0p(1). O
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A.2 Proof of Theorem 3.2

To aid the proof of the Bahadur representations in (3.1), we will state several lemmas
conducting to the desired conclusion.

Lemma A.3. Under the conditions of Theorem 3.2, we have that
1) pN(Bm) - pN(IBm) - P(Bm) + p(ﬁm) = OP(N_ )

i) p(B) + NTUEOR Y Z(x”,m—{ (B) + N7VYb 5 by (xig, B} =
5(Brn) Br — Brn) +0p([|By — Bral) +0p(N2)

=

ProOOF. We will only show ii) of the Lemma, the proof of i) being analogous using the fact
that N1/2(TZ‘N —7;) — 0,0 < 75y <1, the continuity of g;, Slf) and the equality

k
pN(a) - p(a) = Z TiN (gimi (a) - + Z TZN §, s
=1

Given 1 < ¢ < p, under S5 and since E{h},(x;1,a)} = 0, we have that H}, is Donsker.

2
Therefore, denoting d?(a,b) = E (hi*z(xil,a) — hi*z(xil,b)) , we have that (see van der
vaart and Wellner, 1996, page 115), for any ay — 0
1y
sup FE|n; ? Z{hi*’z(xij,a) = hi (X5, B} — 0, for 1 <i<Fk.
d(a»ﬁm)SO‘N y

acsSy

Therefore using that 0 < 7;, < 1 and

k  n;
BINTE ST i gloigom) — byl B} = EINT ZZn n Z{Ww il B

i=1 j=1
1 1
< ZrﬁvErni 2D k(i a) = (ki B}
i=1 j=1
ng
< 112?2( E‘Tl Z{h?,f(xi.ﬂ'?a) - hzf(xl_ﬂugm)}’
j=1
we get that
L k n;
sup B NT2 Y Y {hf(xija) — hiy(Xij, B)} — 0.
d(a,Bm)<an i=1 j=1

acsS,

The continuity on a of h},(x,a) implies that lim|,_g |—0d(a,3,,) =0, and so, if ay — 0

k n;
1 Sk x 1
sup |sz{hi,£(xijva)_hi,ﬁ(xijvﬁm)ﬂ =0p(N"2),

lla=Bmll<an i=1 j=
acs, 1=1 j=1
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which together with the consistency of Bm imply that

—rZZ{h (X7 Brm) — Wie(Xij, B} = 0p(N72)

=1 j=1

Finally, from S3 and the continuity of j(a), the result holds using a Taylor expansion of
order one of p(a). [

We will now derive the Bahadur expansions given in 3.1. For that purpose, we need
to obtain, as in Cui, He and Ng (2003) some identities satisfied by the common direction
estimators.

Using the Lagrange multiplier method, we have that Bl maximises

Gi(a, ) = py(a) —p(ata—1),

where p1 € R. Hence, differentiating G respect to a, we get that /')N(Bl) = 2u1§1, and so,
using S3, the fact that N'/2(r;y — 7;) — 0 and the equality

pN(a) = ZTzNgznl ZTZNgZ +ZTZN Zh XZ], +Op(N_1/2)
k i
= Y (i - wi(a +Zm )+ 450 heta) + 0N

i=1 =1 =1

_ - (. —1/2

= PR+ D Rika) +op (VT (A4)

=1 j=
we obtain
R k Ty . . L
pBY) NI S hi(xi5,81) = 2mB; +0, (N72). (A.5)
i=1 j=1

Let, for 1 <m < p, f’m+1 =1, ZJ 1 B],B be the projection matrix over the linear space
orthogonal to that spaned by Bl, . ,Bm Then, we have that Pgﬁl = 0 and so, we get

k n;
P, p(al)_‘_N_lZZh:(Xij,Bl) = op(N_%),

i=1 j=1

Similarly, we have that ,Bm maximises

m—1
Gm(a,,ul,...,,um)sz(a)— Zujﬁja (aTa_1)7

Jj=1
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for m = 1,... ¢ which implies that /)N(Bm) = Z;”:_ll uj,Bj + 2um,@m. Therefore, using again
S3, the fact that NV/2(r;y — 7;) — 0, (A.4) and that f)m+1 Bj =0, 1< j < m, we obtain
that

kE n;
= S _ -~ _1
Pm+1 p(ﬁm) +N 1zzh;(xmaﬁm) = Op (N 2)' (A6)
i=1 j=1
The equation (A.6) has its asymptotic version given in the next Lemma.

Lemma A.4. Under the conditions of Theorem 4.2. the following equation holds.

PROOF. Using Lemma A.3(ii) and the consistency of ,Bm, we get that

122 h* ijvﬁm = 1zzh* leaﬁm +0p()

i=1 j=1 i=1 j=1

Replacing in (A.6), we obtain that

k  n;
f)m—l—l P(Bm) +N_1 ZZ h;(xmaﬁm)} +Op(1) = 0 .

i=1 j=1
Using the law of large numbers, the continuity of p and the consistency of ,Bm, we obtain
(A.7). O

Moreover, we have the following relation between the estimators Bm and the projection
matrix.

Lemma A.5. Under conditions of Theorem 3.2. we have that, for all b € RP

~

(Pri1 —Pmi)b = =Y (BfbI, + ;b7 )(B; - 8;) + O, [b] 18 - Bill*)-

j=1 =1

PROOF. Indeed,

D (BBl + ;6" )(B; —8;) =3 878, = >_AbA; +3 4,08, 3 B8, =
j=1

@,@+Z@pj—2wy Zﬁy
j=1 j=1

m

7j=1
Therefore,
Z B]Tpr—i—,ijT Z Bjab>:8j+z<ﬁj7 22 (8, b)
j=1 j=1 Jj=1 J=1
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On the other hand,

(Prt1 —Prs)b = > 8,876 -3 B8, b = Z (B,b)B; — > (B;,b)Bs.
= =1 =1 =1

Adding the last two equations and using the proprieties of the inner product, we get

m

Z(Bjrpr‘i'/ijT )(Bj -8 + (Ppi1 = Ppy1)b = Z —B;,b) Bj)'

i=1

The Cauchy- Schwartz inequality implies that

1Y "B, = 8,0)B;, =Bl < D 1B; —8;,dIIB; — Byl
j=1 Jj=1
< 1B - B;12Ibll,

and so, we get the desired result.]J
The Lemma A.6 gives the key to obtain the equality given in (3.1).

Lemma A.6. Under conditions of Theorem 3.2, we have that

{Puni1i(Br) = Bri(Bu)ly = Bruf(Br) "} B~ Bra) + 0p([1Br — B 1) =
m—1

Z { B?p(ﬂm) I, + ,Bj P(Bm)T } (BJ —,Bj) + N_% Poiiun,

7j=1

+ 0y ( Zu@ Bill ) + o0, (N3)

PRrROOF. Let

Adding and subtracting Py, 2(B,,) (Bm — B,,) in L we have that

L = <Pm+1 Py 1) #(B1n) (B = B) = B 6(Brn) (Br — Br)
Since (Pps1 — Prg1) = op(l) the first term of L is a op(HBm - B D-

Using Lemma A.3(ii), we obtain

kK n;
+ m—l—l[ IBm +N 122 h* leaﬁm {p(ﬁm)—i_N_lZZ h;(xljaﬁm)}
i=1 j=1 i=1 j=1

+ (1B — Bul) + 0, (N73).
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~ PN B , ~ a1
NOW? by (A6) we get Pm+1 |:10(18m) + N 12?:1 E;lel h:(xlmlam)]] = 0p (N 2) and 80,
reordering the terms, we obtain

L = o(By — B |r>+op<N-%>—< T AB) Ly + Bouh(Br)™ ) B — B
- m—l—l[ (Bm) + N~ IZZ’“ levﬁm]
=1 j=1

Remind that u, = —N "2 Zle >oity hi(xij, By,), thus, we have that

L = 0,(|Bpm — Bl +0p(N"2) = ( BLHBu)Ly + Bri(Br)™ ) (Bon — Bra)
+ f)m-i-lumjv_% - f’m-ﬁ-lﬁ(ﬁm)'

Then, adding and subtracting P,,,+1u,, N -3 and P,.+10(8,,) to the last equation and using
(A.7) we obtain

L = 0B —Bul) +0p(N72) = (BLABL, + Bd(B)" ) (B — Brr)
+ (f)m-i-l - Pm-i—l)umN_% + Pm-l-lumN_% - (f)m—i-l - Pm-l-l)p(ﬁm)-

The central limit theorem entails that u,, converges in distribution to a random normal
variable. Therefore, u,, is bounded in probability. Using that (P41 — Pp41) = 0p(1), we
get that

~

1
(Pm—l—l - Pm+1)umN_§ = Op(N_

[NIES

).
Hence,
L = 0p(IBm—Bul) +0o(N72) = (BLABWL, + Bd(B)" ) (B — Brr)
+ Pm-i-lumN_% — (Pont1 — Prg1)p(Byn)-
Using Lemma A.5, we get that
L=0,([B = Boul) + 0o(N72) = (BLABIL, + Brnd(B)™ ) (B — Br)

P N2+ 3 (BT5(8,)L, + B;6(8,)" VB, — B5) + Ou 168,01 118, — B511*).

j=1 j=1
On the other hand, the continuity of p in S, implies that p is bounded, therefore, using that
18; — B;ll = 0p(1), we obtain that

m—1
»(1p(8 HZHﬁ - %) ZHB = B51) = 0p( D185 = B4 +0u(1lBr—BlD,
7j=1

which entails that

m—1 m—1
> (B p + Bip(Bn) ) (B; — B)) + N2 qup +0,( > B — Byll ) +0p(N73)
7j=1 Jj=1
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concluding the proof. []
Using the last Lemma we are going to prove the next equality

Lemma A.7. Under conditions of Theorem 3.2.

m—1
Am(Br = Bm) T 0p([1Br — Brll) = Bjn(B; — B;) + N 2Ppiiuy,
j=1
— 1
+ Z 18; = B,11) + 0p(N72)
where 1
A = Pous1p(B) = BrpBu)ly — Y B H(81)Bn BT
i=1
Bjm = B] 5(Bu)Ly + B;p(B,)"
PRrROOF. Since P, 11p(8,,) = 0, we have that
P(Bm): B;)B
]:1
Then, using Theorem 3.1, it will be enough to show that
Br (B = Bum) = Opl[1B — Byl
Using that ,Bm Yy B € Sp, we get easily that
N 3 _ 2
i) =1 B ul”
and so,
6T (18 ﬁm) = (ﬁmvam_lgm> = <6m_Bmle\m_ﬁm>+<BmH§m_le>

= B~ Bl +1— (B, B,)
By - B 41— (1~ 1Pn = Bul?

2
_ ”Bm - ﬁm”2
72 .

)

(A.8)

Thus, B3, (B, — Br) = Op(1Br = Buull?) = 0p(IB1n, — By ), which concludes the prove. O

Lemma A.8. Under conditions of Theorem 3.2. we have
~ 1
a) B1 — B =0,(N"2)
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b) By — By = Op(N72)
PROOF. a) Using (A.8) with m = 1, we get A1(B; — 8,) +0,(||B, — Byl) = N2 Pyuy +
0,( N™2 ) which implies that (8,—3,) = o,( |3, B/l )+ A7 N2 Pyu;+o,( N2 ). Since
P5 u; converges in distiribution to a normal random variable, we have that A1_1 N—3 Pou; =
Op(N_%)7 and so, we have that N%(Bl —By) = Nz op( HBl = B1ll) + Op(1) + 0y(1). Thus,

N2(By—B1) = N2op([[By = Bill) + Op(1). (A.10)
Hence, R
1 (B1—B1)  op([IB1 = Bull)
2 B, — Bl [ - = = 0,(1).
B - 1B -8l ’
Since |£1:gl|)| - 0p|(|%81—,_ﬁﬁﬁ”) H 2,1, we have that N2 HBl — B41]] = Op(1) as desired.

b) Let us show that N2 ||,B] = B;ll = Op(1), for all 2 < j < m — 1 entails that N2 HBm -
Bl = Op(1). Indeed, from (A.8), we get

N2 (B, — Bn)

m—1
1 ~
N20y([By, = Bll) + Y ALIB;N2(B; — 8;)
]:1

m—
+ A Pm+1um+N20p Z |B] IBJH +OP(1)

Since P, 111, converges in distribution to a normal random variable and using the induc-
tive assumption, we get

N2By, —Bm) = N7 0,(|I1By — Bull) + O0n(1)

which is is analoguous to (A.10), and so, we get easily that Bm —B,, = O,(N _%) concluding
the proof. O

The Bahadur representation for Bm given in (3.1) follows now easily using (A.8) and
Lemma A.8.

Now we are going to obtain the expansion given in (3.2). Similar arguments to those
considered in Lemma A.3, allow to show that

1 & . 1 1
n_i Z hi,a(Xij,Bm) = n_z 2:1 hi,o(xijn@m) + Op(ni 2) 9
]:

then

Xim - /\zm = gi,”i(l/ém) - gl(ﬁm) = gi,”i(l/ém) - gl(Bm) + gl(Bm) - gZ(IBm)
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1 & _1 N R
= — > hio(xij. Br) + 0p(n; *) + i (Brn) " (B — Brm) + 0p(1B — Ball)
Zj:l
S -4
- n_z iJ(Xijvﬁm)—i_Op(ni )7
j=1

and so, the proof is concluded. O
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